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Abstract. Hello simulation!

1 Coalgebraic Simulation

We show the category of preorders with monotone functions between them with
PreOrd. In the diagrams, any arrow that shows a functor, but does not have a
label is showing a forgetful functor. Also, we use Rel to refer to the category of
binary relations. Assuming R € Obj(Rel) and R < X; x X3, and S € Obj(Rel)
and S € Y7 x Y5, then a morphism f: R — S in this category is the pair
(f1, f2) of morhpisms in Set, where, f1: X; — Y7 and fy: Xo — Y5, and for
each (r1,72) € R we have (f1(z1), f2(z2)) € S. Also, we show projections of
R € Obj(Rel) with p; and py that are morphisms in Set.

Definition 1.1 (A Preorder Over a Functor). Assuming F': Set — Set isa
functor, we call C: Set — PreOrd an order over the functor F iff the following
diagram commutes:
PreOrd
S

Set

Definition 1.2 (Relation Lifting). Assuming F: Set — Set is a functor,
then we call Rel(F): Rel — Rel a relation lifting of F', where the following
diagram commutes:

Rel Rel(F) Rel
Set x Set — Set x Set

We take Rel(F'): Rel — Rel to be the functor that for an arbitrary functor
F takes a relation R, where R € Obj(Rel) and R < X; x Xs, and gives the
relation that is the image of the function (Fp1, Fps): FR — FX x FY.

Definition 1.3 (Bisimulation). For a functor F': Set — Set, a bisimulation
is a Rel(F)-coalgebra in Rel.



27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

2 S. Goncharov, P. Partow

Proposition 1.4. Assuming that (R, «) is a Rel(F)-coalgebra, where a = 31 x
B2 in Set x Set, then the following diagram commutes, and vice-versa:

Xl p1 R P2 X2

ﬂ1l lﬁ lﬁz
FX, o FR Frm FX5

We gave an introduction to Hughes and Jacobs paper. They also have a way
to represent simulation relations. In the following, we try to find a suitable
formalization for simulation relations, inspired by Hughes and Jacobs.

1.1 Relations as Pullbacks Spans(?)

We can not show every relation by pullbacks, but we can just show relations of
the form

{(a,0) | f(a) = g(b)}

for some functions f and g, when we are in Set, so we can not show every ob-
ject in Rel using this approach, including Rel- (F)(R) Cx,; Rel(F)(R);Cx,
that is the target of simulation. Although we can show Rel-(F)(R) Cx,
;Rel(F)(R); Cx, as a span.

Assuming, we have a category C, an object of the category of spans over C
is (R, X1, X2, p1,p2) in the form of the following diagram:

R
p1 P2
X, / \ X,

A morhpism from a span (R, X1, X2,p1,p2) to a span (S,Y7,Ys,q1,¢2) is a mor-
phism f: R — S in C, for which exist fi: X1 — Y; and fy: X5 — Y;, where
i,7 € {1,2} and 7 # j, and they are in C, that take part in the following com-
muting diagram:

X2 b2 R Dp1 Xl

le lf lfl
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Coalgebraic Simulation. 3

We define a  F-simulation as the coalgebra of the object
Cx,;Rel(F)(R);Cx, that has the following structure in C:

1

C i Rel(F)(R):Cx, —" CxyiRel(F)(R) —“~ Cx, —— FX,

.
- lAPQ lzé

. FR — | px,
Fivzl
Ex, > FX,
izl '
2
FXs5

We show that if we consider a relation R and its opposite are both simula-
tion relations, then R is a bisimulation. To reach to that goal, we give a formal
definition of what we mean by the opposite of R in our categorical setting that
we show with R°P. (R°P, p},ph) is a span, that is isomorphic to R via morphism
s: R — R°P in Rel that we call swap, and it commutes in the following commu-
tative diagram:

Xy « 22— R0 Xy

e

Xy «—— R® —— X
Py P2

Lemma 1.5. The relation (Ex,;Rel(F)(R);Cx,)* ids isomorphic to T xor
; Rel(F)(RP); EX;"-

Proof. We set s1: Exlﬂg(;?l and ss: EXQHEC;’Q to be the swaps of Cx, and
Cx,, respectively. Since we have

Z'/11'81'<P1
:i%'SOQ
= Fp1 -2
= Fpy-Fs- o,

there exists the morphism s”: Cx,;Rel(F)(R) — Rel(F)(R%®);C¥, depicted
in the following commutative diagram:

Cx,;Rel(F)(R) a1 Cx,
sﬂzl \\\“f:’\\) 5
FR Rel(F)(R®);C¥ —2~ C®
x wil : i'fl
FRee — ', px,
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Similarily, we get s”: Cx,;Rel(F)(R) — Rel(F)(R®); Y, since

o
2

i3 51
= i1 - ¢y
= Fph - &}
= Fp1-Fsi' - ¢},

> and it is depicted in the following diagram:

o

Rel(F)(R®);C¥ —2—— Cx,
-~ 571
sa'll g .
FRe? Cx,;Rel(F)(R) 2 Cx,
Fst Wl lié
FR FX,

Fpy

o

s Obviously, s” and s”?! are each other’s inverse, thus Cx,;Rel(F)(R) and
+ Rel(F)(R);CY are isomorphic.

=3

Fpy-¢)-s"-m
=Fpy - Fs-pp-m
= Fpy-p2-m
:Z‘%.ﬁz

=i’22-52-7r2

Cx,; Rel(F)(R);Ex, —— Ex,:Rel(F)(R)

T~ ’ "
~~._ S \
N

™ C s Rel(F)(RP); C%. — 2> Rel(F)(R®);C¥,
65 E itp/l
EX2 1 F RoP
\ le/l
CX FX
=X2 2

/ / !
= Fpy -1 My
=i,
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66
C% ; Rel(F)(R%P); T, ik Rel(F)(R*®); %,

T~ 7-1
1 T ~a ls

Cx,;Rel(F)(R);Cx, — Cx,;Rel(F)(R)

) - lw
™2 FR
lFPQ
op
EXQ 1 Exz ) FX2
S2 31

So, we could prove that Cx,;Rel(F)(R);Cx, and CF ; Rel(F)(R®); CY are
isomorphic. (Cx,; Rel(F)(R); Cx,)° is isomorphic to Cx, ; Rel(F)(R);Cx, by
definition, so it is also isomorphic with £ ; Rel(F)(R);CF . |

& Proposition 1.6. Having 0: R —Cx,;Rel(F)(R);Cx, and oc°°: R°? —LCx,
e ;Rel(F)(RP); Cx, gives rise to a morphismy: R — Rel(F)(R), and vice-versa.

Proof.
P1
R X1
\ . . 4 la
Cx,iRel(F)(R); Ex, —> Ex,iRel(F)(R) —> Cx, FX1 e X1
J S1 1
a lcpz lil ‘2 T
i3
FR Fry FX i c%®
P2 P g 1 Ex,
/ /
szl N%T / < ng
)
Ex, — FXo 7 FRP L Rel(F)(R%); 53?1 ph
i 2 Fpy
2 v2 ’
2 52 [
p'e FX c® CP _;Rel(F)(RP); C%
2 3 2 g £X, p Ex, (F)(RP); Ex )
Tﬁ o°P
p
Xo 1 ROP

o0 (<«=): We assume that we have the morphism v: R — FR such that the following
7 diagram commutes:

X2 P2 R p1 Xl

| |’ Jo (1)

7 Since Cx, and Cx, preorders, they each have a morphism refl that pre-composed
72 with their projections gives identity. As it is depicted in the following diagram
73 the pullback property of Cx,;Rel(F)(R) gives us ¢’: R — Cx,; Rel(F)(R) in
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the following commutative diagram:

R i FX,

~ o’
S refl

Cx,;Rel(F)(R) —— Cx,

- -1
P2 i

FR FX,

Fpy

Then the pullback property of Cx, ;Rel(F)(R);Cx, gives us the existence of
0: R —-Cx,;Rel(F)(R); Cx, in the following commutative diagram:

P2
Xo

EXl;Rel(F)(R>; EX2 — EXNRQI(F)(R)

B - lipz (3)
™2 FR
lFZb
FXs refl ;X2 i2 FX
1
Now, we show that o is a simulation:
’L} P10
=ip-p1-0’ / (3)
=i -refl-a-p /(2)
= a . pl
i2-Ty -0
— 2 -refl- B ps /@)
=02
Considering that s: R — R%® and s: LCx,;Rel(F)(R);Cx,—C%,

; Rel(F )(R"P);Egg’1 are swapping isomorphisms, We set o°P: R°P
; Rel(F)(R®);

lation:

op
_>EX2

to be 0% = s’ - ¢ - s1. Now, we show that ¢/ is a simu-

.71 / / op
by ~P2 Ty 0
-1

— 1
= 1y

()0/27'[-/28/0-8_
=Z%S017T10‘8_1

:Oé'pl's_l

{eq:diag-thm-sig’}
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/2 / op __
17 -m oP =

=i -8 05

1

1
= l% c o - O - s~
=B pa-st
=p8-m

1.2 Simulation with one relation composition

We recall everything we had in the previous section. Although we want to work
with the functor that takes R € X7 x X, and gives Rel(F)(R);Cx,.

Rel(F)(R);Cy, —— FR 2, FX,
wzl B lez
EXZ i FX2
iZl
FX,
i \ ] T
Rel(F)(R);Cx, —> FR —— 2, FX, °© X
P2 Ty - lFm Fpy
Cx, - FXy «——— FR
12 7/’1] 71-/1
Xy s FXy «——— %, «—— Rel(F)(R):C%,
’L2 T
s o
X, - R

Proposition 1.7. Assuming R < X x X, then if we have o: R —
Rel(F)(R);Cx as a simulation for R, and R is reflexive, then we have v: R —
Rel(F)(R) as a bisimulation for R, and vice-versa.

Proof. (=):

Fpy-m -0
=i Ty O
./
=552 0O
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1.3 Using Lax Pullbacks (Comma Objects) to Model Simulation

A big concern with this approach is that Comma Objects are defined in a 2-
category, so we can not define them in Set, while our main inspirational example
is coming from Set.

1.4 Working in Set First, Like Hughes and Jacobs
1.5 Choosing a suitable order for our setting

Maybe we can first choose a suitable order on T(X,uX x D(uX, 1X)) and then
prove that if a relation and its inverse is a simulation then it is a bisimulation
as well. Maybe T being w-continuous can give the ordering. It can be something
easier that relates to termination as well! That if a term has a big-step evaluation,
then it is bigger than or equal to any other term, and if it does not, then it is
less than or equal to any other term.

2 Symmetric Simulation is Bisimulation

Definition 2.1 (Graph). In a category C a graph is a tuple (R, X) of the

following form:
R

X X

Graphs over C form a category that we show by Gra(C).

Definition 2.2 (Symmetric Graph). A graph (R, X) is symmetric iff there
exists an endomorphism s: R — R, such that the following diagram commutes

Pp1

X2 R-2sX
o s
Xg B X

and s-s = id. We call s a swap for R.
Lemma 2.3. Symmetry of a graphs over preserved a functor.

Definition 2.4 (Relation). A relation in a category C is a graph (R, X') where
(p1,p2): R — X x Y is monic. Relations over C form a category that we show
by Rel(C).

Definition 2.5 (Jointly Monic). A pair of morphisms pj,ps: R — X is
jointly monic iff for every pair of morphisms f,g: A — R assuming that

pr-f=pi-gandpy- f=ps-gthen f =g
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Proposition 2.6. A graph (R, X) is a relation iff p1 and ps are jointly monic.

Proof. (=): We assume that for morphisms f,g: A — R we have p1-f = p1-g and
pa2-f = p2-g, and we want to prove that f = g. Assuming that 71, mp: X xX — X
are projections of X x X, then we have:

<P1,P2> - f

<P1 “fip2 - f>
(p1-9,p2°9)
:<p17p2>'g

Since (p1, p2) is moinc, from (p1,ps2) - f = (p1,p2) - g we get f = g.

(«<): Assuming for some morphisms f,g: A — R we have (py,p2) - f =
(p1,p2) - g we need to prove f = g. From (p1,p2) - f = (p1,p2) - g we get (p1 -
fip2- fY = {(p1-g,p2 - g). Assuming that 71, m9: X x X — X are projections of
X x X, then we have - (p1- f,p2- f) = 71+ (p1-9,p2-9), and then p; - f = p1-g.
Similarly we also get ps - f = ps - ¢g. So, since p; and p, are jointly monic, then
we have f = g. ]

We need to work with endofunctors over C that are lifted over Rel(C), for
which we need to first define endofunctors lifted over Gra(C). Lifting from C
to Gra(C) is easy. For F': C — C we define Fg,a: Gra(C) — Gra(C) as a
functor that takes a graph (R, X), and gives (FR, FX), were F is also applied
on legs of the graph, i.e., p1,p2: R — X, so, we get the following graph:

FR
N
FX FX

This lifting does not work for Rel. As an example, if we set F' to be the powerset
functor P, then (PR, PX) is not necessarily a relation anymore. For example, if
we take R = {(1,0),(0,1),(0,0),(1,1)}, then taking {{(1,0), (0,1),(0,0),(1,1)}}
and {{(1,0),(0,1),(0,0)}} as elements of PR, the morphism (Pp;, Pps) maps
them both to ({0, 1},{0,1}) so it is not monic.

To cope with this, we assume the following epi-mono decomposition for
(R, X) € Rel(C):

(p1,p2)
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We can define (=)' as a functor from Gra(C) — Rel(C), then we define
Frer: Rel(C) — Rel(C) to take (R, X) to the following relation:

(FR)f
SR RN
FX (Fp)t,(Fp2)T) FX
v
FX x FX

Lemma 2.7. Assuming that we have the following commutative diagram:

X P1 R D2 X

S T O
FX FR FX

Fpy Fpo

Then there exists 0': R — (FR)1 in the following diagram that is also commu-
tative:

X P1 R P2 X

g b

FX «—— (FR)' — FX
FpI ( ) Fp;

Proof. The proof is trivial considering that ol = eppr - o, where epp is the
epimorphism in the epi-mono factorization of (Fpy, F'ps), as depicted in the
following diagram:

X2 p__2 ,x
ol |- Jo
FX FR FX

Fpy Fp2
idl leFR lid

FX «—— (FR)I — FX
Fp]; ( ) Fp;

We show this relation with Fre(R, X).

Definition 2.8 (Simulation). A coalgebra o: R — (FR) is a simulation over
the F-coalgebra a: X — F X iff the following diagram is lax-commutative:

X2 p2 ,x
aj & o< ja (4)

FX «—— (FR)Jr — F'X
(Fp)! (Fp2)!
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Definition 2.9 (Bisimulation). The morphism o in Definition 2.8 is a bisim-
ulation iff the mentioned diagram is fully commutative.

Remark 2.10. The mentioned definition of bisimulation is actually, the classi-
cal one in the literature that is to have the following commutative diagram:

X P1 R P2 X

| Lo

FX (FR)T — FX
(Fp2)T

(Fp1)T

It may look different because we have FX and not (FX)T, but they are the
same. An object X € Obj(C) is (X, X) € Rel(C) having id as its legs. Meaning
that the (FX)' = FX.

Proposition 2.11. Assuming that we have a bisimulation o for R, we have the
following equation:

o-5s=(Fs)l .o

Proof. We recall that by Lemma 2.3, Frel(R, X) is symmetric with the swap
(Fs)!. Assuming that o is a bisimulation, we have the following commutative

diagram:
I
R

X P1 p2 X

|l

FX «—— (FR)' —— FX

'(F\pl)T l (sz)T
(Fs)j///////1
(Fpa)! (Fp1)!

(FR)!

And it entails that the following diagrams are also commutative:

X P2 R p1 X X P2 R p1 X

y [ R |ore o

FX «—— (FR)' —— FX FX «—— (FR)! —— FX
(Fp1)! (Fps)! (Fp1)T (Fps)'

So, since (Fp;)' and (Fps)' are jointly monic (because Frel(R, X) is a relation
and Proposition 2.6) we have o -s = (Fs)' - 0. =

Corollary 2.12. Assuming oy and oy are simulations of type R — (FR)T, and
R is symmetric and both o1 and oy satisfy the following property:

(Fs)l-o=0-s

Then o1 = 09.

{prop:iff-sim-bsim}

{eq:diag-sym-rell}
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Proof. As the mentioned property is equivalent with o being a bisimulation, and
bisimulation is unique, then o = 0.

Now, we give a counter example of a symmetric relation on Set that is a
simulation according to Definition 2.8, i.e, exists the morphism o that com-
mutes laxly in (4), but o is not a coalgebraic bisimulation, although the
relation that we give is clearly a bisimulation in the classic sense. We set
R = {(A’ B)’ (Bv A)a (017 02)7 (027 Cl): (057 CZ)v (027 Cé)’ (027 02)}5 F = 1d,
C= Avu {(Cy,C3),(C2,C%)}, and the coalgebra « is defined with the follow-
ing set of reductions:

A—>Cl B"CQ Olﬁcl OQ*’OQ Cé"OQ

And finally, we define o as follows:

o(w) = {(O‘ pr(w),a-pa(w)) w# (B, A)
(CéacQ) w = (B’A)

It is easy to check that the conditions a-p; C (Fp1)'-o and (Fp2)T-0 C a-py
are satisfied. For every w € R if w # (B, A) then for i € {1,2}, we have « - p; =
(Fp;)t-0, and for w = (B, A) we have a-p; (B, A) = Cy C Cy = (Fp1)T-0(B, A),
and a - pe(B,A) = C; T Cy = (Fp2)' - 0(B,A). And o is not a coalgebraic
bisimulation as o - py (B, A) = Cy # C) = (Fp1)t - 0(B, A).

An interesting question would be to find out what conditions ¢ should have
(maybe we have the answer to this! Proposition 2.11), or how it should be con-
structed (perhaps based on a given poset) so that it will also be a coalgebraic
bisimulation if R is symmetric. Another avenue would be to give another defini-
tion for simulation that does not have this issue.

Well! This counter example does not work! Because the described order T
does not satisfy the condition mentioned in Jacobs’s paper. The condition is that
the order on F'X should satisfy the property that for a morphism f: X — Y the
morphism Ff: FX — FY preserves C. Probably, the only poset that has this
property for Id is A. If there is a counter-example, it is true for another functor.

Example 2.13. Another counter-example! Assume that F' = P, and take R =
{(1,2),(2,1),(1,3),(3,1)}, and X = {1,2,3}. a(z) = X for every x € X, and o
is defined as below:
R 1,3
o (w) = w (1,3)
R\{(1,2)} w=(1,3)
In this scenario, ¢ is a simulation, but it is not a bisimulation. It is a simulation
since for every w € R we have (Pp;(o(w))) = X, thus for every z € X, a(z) =

X < X. Also, Ppa(o(w)) € a(pz(w)) as a(pa(w)) = X for every w € R. But it
is not a bisimulation, since a - p2(1,3) = a(3) = X # (Pp2)T(c(1,3)) = {1,3}.
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Example 2.14. And another counter-example!!! Assume that F' = P, and take
R =X x X\{(1,3),(3,1)}, and X = {1,2,3}. « is defined as below:

{1,2} z=1
alz) = {{2,3} x=2
{3} x=3
And o is defined as below:
{(1,2),(2,2)} w=(1,2)
{(2’ 1)7 (3a2)} w = (Qa 1)
O’l(w) _ {(1,2)7(2,1)} w = (171)
{(2,2),3,3)} we{(2,2),03,2)}
{(2,3),(3,3)} w=(23)
{(3,3)} w = (3,3)
{1,2} w=1(1,2)
{2,3} w=(2,1)
o) o) =4 B B Pt o) =
{2,3} we{(2,2),(3,2)}
{2,3} =(2,3)
{31 w=0@3)
{(172), (272)7 (2,3)} w = (172)
{(2,1),(2,2),3,2)} w=(2,1)
{(1,2),(2,1)} w = (1,1)
o1 (w) = 1{(2,2),(3,3)} w = (2,2)
{(272)7 (373)7 (372)} w = (3’2)
{(2,3),(2,2),(3,3)} w=(2,3)
{(3,3)} w = (3,3)
{1,2} w=(1,2) {2,3}
2,3} w=(21) (1,2}
(1,2} w=(1,1) (1,2}
(Pp)" o (w) = 1 (2,3} w=(2,2) (Pp2)"- 0 (w) = { {2,3}
(2,3} w=(32) (2,3
2,30 w=(2,3) (2,3}
{31 w=(3,3) ({3}

{2}
{1,2}
{1,2}
{23}
{3}
{3}

oo
~
~
[\]

g8 g e
S

N = N =
N = =N

w
[N}

w

[\

€ &€ 8 8 &8 &8 €

M N Y~~~ ~—

w
w

S~ o~ o~

o~ o~

— N

WL N

— =N
— — —

w W

~ =

—
w
[\
S~—
—
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20 0} is not a simulation!

{(1,2)} w=(1,2)
{2, 1)} w=(2,1)
{(L 2)7 (27 1)} w = (1a 1)
Jlll(w) = {(272)7 (373)} w = (2,2)
{(3’3)} w = (372>
{(3,3)} w=(2,3)
{(3,3)} w = (3,3)
o1 C o}
o3 C o}
8=q
r{(1’2)7 (2’3)} w = (152)
{(2’ 1)’ (27 2)} w = (Qa 1)
{(17 2)7 (27 1)} w = (17 1)
(Ps) oy - s(w) = {(2,2),(3,3)} w=(2,2)
{(352)7 (3’3)} w = (3a2)
{(2,2),3,3)} w=(23)
{(3’3)} w = (3’3)
{1,2} w=(1,2)
{20 w=(21
{1,2} w=(1,1)
(Pp)" - (Ps)' - o1 s(w) = € {2,3} w = (2,2) (Pp2)" - (Ps)]
{3} w=02)
{2,3} w=(2,3)
{31 w=(3,3)

as a-p1(3,2) = {3} = {2,3} = (Pp1)

207

208

{(1,2),(

oo (w)

The following is also a simulation and not a bisimulation:

T.01(3,2).
2,2)} w=(1,2)
3,2)} w=(2,1)
2,1)} w=(1,1)
3,3)} w=(2,2)
3,3)} w=1(2,3)
we {(3,2),(3,3)}

({2,3}
{1,2}
{1,2}
{2,3}
{2,3}
{2,3}
{3}

In this scenario, oy is a simulation, but it is not a bisimulation. ¢}, o] and
(Ps)T- 0y -5 are neither. We can not make o1 bigger here to make it a bisimulation

€ &8 8 &8 € g €
o
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24 09 is a simulation, o is a bisimulation, and (Ps)- o5 - s is neither. The following

215 18 both a simulation and a bisimulation:

~~ Y~ /N~~~

~— — O ~— ~— ~— ~—

-~ et Nt W e
A~ N N N~

~— — — ~— ~— ~—

T T N )
—_ o~ o~~~ N~

~— N~ N~ —
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216

m~ o~ o~ o~ o~ o~ o~

~— N~ N —

S e e e e

~ N N N~ /N

~— N~ ~— ~— ~—

AN A A A A

v e M M e

217 The following is also a simulation and not a bisimulation:

A~ Y~ N~~~

~— O N ' ~— ~—

A A ~—
—~~ —~
™~ ™
o) o
RCANCH NCS
—~ = —~
™ ™ ™
N ~
S— ~—r S—
—~ = —~
~ ™ ™
™ — 3
S— S~—
. .

—~ o~ o~ o~~~
N N N — —

- ~ - - - ~ ~—
—~ = =~~~

~— N S~
NN NN

218

A~ N N N N/~

— O O '

3 383 3 8 8 8
-~ A e A —~—
N AN AN M ™
P e T N e
N~ = N M M
R e il i

I

E

<

s}

—

D

a

Py

~— O O N~

- - ~ ~ -~ -~

(NN Y N




17

Coalgebraic Simulation.

219
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~ N N N~
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~— N N N
NN NN
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- P s T e
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~~

|

—
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—

—
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~— O N N~
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»3 04 is a simulation, ¢f is a bisimulation, and (Ps)' - o4 - s is neither.
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{(1,2),(2,2)}
{(2,2),(3,2)}
{(1,1),(2,1)}
os(w) = {(272)7<3’2)}
{(2,3),(3,3)}
{(3,3)}
{(3,3)}
{1,2} w=1(1,2
{2,3} w=(2,1
{1,2} w=(1,1
(Pp1)" - o5(w) = {{2,3} w=(2,2
{2,3} w=1(2,3
{3} w = (3,2
{3} w= (3,3
The following is also a simulation and n
{(1,2),(2,2)}
{(2,1),3,1)}
{(1,2),(2,1)}
UG(w) = {(233)7(373)}
{(2,3),(3,3)}
{(3,2)}
{(3,3)}
{1,2} w=(1,2)
{2,3} w=1(2,1)
{1,2} w=(1,1)
(Pp1)t - ag(w) = { {2,3} w=(2,2) (Ppa)f
{2,3} w=(2,3)
8} w=02)
{3} w = (373)
oh =05 =04 =03 =0y

S. Goncharov, P. Partow

The following is also a simulation and not a bisimulation:

If we define C on simulations as

O O N — —
S
3
DN
~—
.
Q
ot
—~
S
~
Il

w = (1,2)
w=(2,1)
w=(1,1)
w = (2,2)
w=(2,3)
w=(3,2)
w = (3,3)

ot a bisimulation:

w=(1,2)
w=(2,1)
w=(1,1)
w=(2,2)
w=(2,3)
w = (3,2)
w = (3,3)

o6(w) =

{2}
{2}
{1
{2}
{3
{3}
{3}

{2}
{1
{2}
{3}
{3}
{2}
{3

[
A~~~ o~
W W NN =N
W N W N~ o~ N
S e e e N N N

g€ &€ &g 8 8 8§ 8

| | I |
NN =N
W N = = N

w
[\

€ &8 8 8 &8 &8 &

m~ o~ o~ o~ o~ o~ o~

w
w
O O O — —

01 E 09 < V(El,l'z € X, ('Ppi)T . 0'1(32‘1,{,132) c (Ppi)T . 02(1'171‘2)
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Lemma 2.15. (Hom(R, (PR)"),C) is a poset.

Proof. Reflexivity and transitivity are obvious. We need to prove anti-symmetry.
TODO: Finish!

Then we have
06 g1

n 7y
n O
n 7y

05 02 g3 04

We recall that in the above diagram o3 is a bisimulation, and the rest are simu-

lations.
{def:join-meet}

Definition 2.16. We define u and m on morphisms as follows:
Vay, 29 € X,
o1 U o2(z1,72) = 01(21,22) U 02(21, T2),

o1 M oa(z1,22) = (Pp1)t - o1(z1,22) 0 (Pp1)' - o2(z1, 22) x (Pp2)' - 01 (21, 22) 0 (Pp2) - 02 (21, 22) ]
{lem:proj-dist-set}
Lemma 2.17. For relations Ry and Ry the following equation holds: e

(Ppi)(R1 v Ra) = (Pp;)(R1) v (Ppi)(R2)

Proof. We prove the lemma for the case that ¢ = 1. The proof is the same for
i = 2. Assuming z1 € (Ppy)T(R; U Ry) then exists x5 that (z1,22) € Ry U Ra,
thus either (1,72) € Ry or (x1,72) € Ra, so we have x; € (Pp;)T(R;) or
x1 € (Pp1)T(R2), respectively. So, we have z1 € (Pp1)T(R1) U (Pp1)T(Ry).

Now, assuming that x; € (Pp1)T(R1) U (Pp1)T(R2) either 1 € (Pp1)T(Ry)
or z1 € (Pp1)T(Rs). Without loss of generality, we can assume z1 € (Pp1)'(R;),
where j € {1,2}. Then there exists o that (z1,x2) € R;, then we have (z1,22) €
Ry U R, that gives 1 € (Pp1)T (R U Ry).

Lemma 2.18. Assuming that o1 and oy are simulation structures of type R —
(PR)T, then o1 Loy and o1 Moo are also simulation structures of the same type.

Proof. Since o1 and o9 are simulation structures, for every (z1,z2) € R, for
i€ {1,2} we have:

a(z) € (’Ppl)T coi(x1, xa), (6)
(Pp2)T - 0i(1, 2) S as). (7)

First, we prove the case for L. Since a(z1) € (Pp1)! - oi(w1,22) we have the
following:

afz1) € (Pp)' - or(z1, 22) U (Ppy)T - oa(21, 22)

So, by Lemma 2.17 we have a(x1) S (Pp1)(01(x1,22) U 02(21,22)). Similarly,
we have (Ppa)! - 0;(71,22) S a(xs) that gives the following:

(Pp2)t - o1 (21, 2) U (Pp2)T - o2 (21, 22) € a(2)
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So, by Lemma 2.17 we have (Pp2)' (01 (z1,72) U 02(21,72)) S a(x2).

Now, we prove the case for m. For m unlike L we need to prove that o1 m
o2(w1,22) € (PR)T. To achieve this, we need to show that assuming 7, 7y are
projections of o1 M o2 (x1,z2), then for j € {1, 2} we have 7 - (o1 mo2)(z1,22) S
Pp;(R). Since (Pp;)! - oi(x1,22) S Ppj(R), we have 7; - (o1 1 02)(x1,72) S
Pp;(R), so we have 1 moa(x1,22) € (PR)T, meaning that ;- (01 mog) (21, 22) =
(Ppy)! - (o1 M o2) (@, 22).!

For j € {1,2} we have

(Pp)T+ (01 M oa(a1, 22)) = (Pp))t - o121, w2) n (Ppj)' - a1, 22).  (8)
Since a(x1) € (Pp1)' - oi(x1, 22), we have
a(zy) < (Pp)' - o1(z1,22) 0 (Pp1)' - 0a(21, 22),

so by (8) we have a(x1) < (Pp1)t - (01 M o2(21,22)). Similarly, since (Pp2)' -
oi(x1, 22) € afxz), we have

(Pp2)" - o1(21,22) N (Pp2)' - 03 (a1, 22) S a(w2),
so by (8) we have (Ppo)' - (01 M oa(w1,22)) S afw2). O

Lemma 2.19. Assuming that o: R — (PR)' is a simulation structure, and R
is symmetric, then for all (z1,x2) € R we have:

1. (Pp)T- (Ps)t -0 -s(xy,22) S (Pp1)T - 0wy, )
2. (Pp2)t - o(x1,22) S (Ppa)T - (Ps)T -0 - s(zx1, 20)

Proof. We prove the second clause. By (4) for every (z1,22) € R we have

alz1) € (Pp)t - o(zy, z2),
(Pp2)" - (21, 22) € a(w2).

From a(z;) € (Pp1)t - o(x1,22) since R is symmetric we get a(zz) < (Ppy)' -
o(x2,x1), where

(Pp)t - o(x2,21) = (Pp2)T - (Ps)T - 0 - s(z1, z2).

So, from (Pp2)t - o (21, 22) € a(zz) we have (Pp2) - o(z1,22) S (Pp2)t - (Ps)T-
o - s(x1,x2). Similarly, we can get the other inequation. |

Lemma 2.20. Assuming that o: R — (PR)' is a simulation structure, and
B: R — (PR)' is a bisimulation structure,

1 PP Note: The last part of the proof is necessary because the type of the codomain

of the definition of m is not (PR)', but it is PX x PX. Perhaps the epi-mono
factorization must be used to cope with this in the abstract case.
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1. if o C S8 then we have:
a(z) = (Pp)' - o(x1,22),
and if R is symmetric we have
(Pp2)' - (Ps)! - o - s(w1,22) = aaa).
2. if B C o then we have:
(Pp2)" - o(21,22) = a(z)
and if R is symmetric we have
a(z) = (Pp)' - (Ps)' -0 - s(x1, 22).

Proof. 1. Since o is a simulation structure for an arbitrary (zi,z2) € R we
have a(xy) < (Pp1)' - o(xq,22). Since 0 C 3 we have (Pp1) - o(xy,22) <
(Pp1)-B(x1,x2), while (Pp1)-B(x1,x2) = a(z1) by definition of bisimulation.
So we have a(x1) = (Pp1)' - o(z1,72). Then because of the symmetry of R
the second clause is easily achievable by using the equations in (5).

2. This clause can be proven similar to (1).
o

Proposition 2.21. Assuming that o: R — (PR)' is a simulation structure,
and B: R — (PR)! is a bisimulation structure,

1. if o C B then we have:
B=cu((Ps)f-s)
2. if B C o then we have:
f=on((Ps) o-5)

Proof. 1. We need to prove that o L ((Ps)?- o - s) is the bisimulation structure.
By Lemma 2.19.(1), for every (z1,x2) € R, we have (Ppy)T- (Ps)-o-s(x1,22) S
(Pp1)t - o(21,22), and by Lemma 2.20.(1), we have (Pp;)' - o(z1,22) = a(x1).
So, we have (Pp;1)T-ou (Pp1)t-(Ps)T-0-s(x1,22) = a(x1), then by Lemma 2.17
we have (Pp1)! - (0 u (Ps)T 0 8))(21,22) = a(z1).

Also, by Lemma 2.20.(1) we have (Pp2)! - (Ps)! - o(x1,22) = a(x3). So,
since we already have (Pps)' - o(x1,22) € a(zs) then by Lemma 2.17 we have
(Pra)t - (0 U (Ps) - 0+ )) (21, 3) — a(za).

2. We need to prove that o m ((Ps) - o - s) is the bisimulation structure. For
i€ {1,2}, for every (x1,22) € R, we have:

(Pp)' - (0 1 ((Ps)" - - 8)) (@1, 22)

= (Pp)" - ((Pp1)" - o(@1,22) A (Pp1)" - (Ps)' - 0+ 5)(w1,32)) x (Pp2)' - o(a1,32) 0 (Ppa2)' - (Ps)! - 0+ 5)(w1,22)))

= Pp)" - o(x1,22) n (Pp)T - (Ps)! - o 8) (a1, 22)
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209 By Lemma 2.19.(1), (Pp1)T - ((Ps)T - o - s)(x1,22) S (Pp1)' - o(21,22), and

w0 by Lemma 2.20.(2) we have (Pp;1)T- ((Ps)t - o - s)(x1,22) = a(x1), so we have
o (Pp)t- (o m (Ps)T-0-8)) (21, 22) = alzy).

Also, by Lemma 2.20.(2) we have (Pp2)! - o(z1,72) = a(zz), so, since

by Lemma 2.19.(2), we have (Pp2)! - o(x1,22) S (Pp2)t - (Ps)! - o - s(z1,22), s0

we have (Pp2)' - (6 m ((Ps)T -0 5)(z1,72)) = a(zs). O

s2  Corollary 2.22. Assuming that R is a symmetric relation, and S # ) is the
ws  set of all simulation structures of the type R — (PR)T, then if the bisimulation
s morphism exists, it is equal with the following morphism:

(o mes)t-(o)-s

ogesS oeS

s Lemma 2.23. For every S € PR,
(Pp)'(9), (Pp2)"(5)) € (PR)T = (Pp1)(S) < (Pp1)(R), (Pp2)(S) < (Pps)(R)

{lem:alph-prod} ) )
0  Lemma 2.24. Assuming that R is a symmetric relation, and S # () is the set

s of all simulation structures of the type R — (PR)T, then there there exists a
we  simulation structure o € S that for every (w1, x2), (Pp1)' - o(x1,22) = a(x).

s0  Proof. Since S # () there exists § € S. We define o for every (z1,z2) as the
s following:

o(x1, 1) = (1), (Pp2) - 6(21, 22))

s We have o(z1,72) € (PR)T, as a(z1) € Ppi(R) and (Pp2)T - §(z1,72) S Ppa(R)
sz are inherited from § being a simulation structure. Also, it obviously is a
w5 simulation as (Ppy)' - o(z1,22) = a(z1) and (Pp)' - o(x1,22) S a(zz) as
314 (PPQ)T . 5($1,I2) - 04(1'2).

{prop:sym-rel-bisim}
as  Proposition 2.25. Assuming that R is a symmetric relation, and S # 0 is
ss  the set of all simulation structures of the type R — (PR)T, then the following

siz - morphism is the bisimulation structure:
([loyu®s)'-([1o)-s
ceS ceS
as  Proof. For every (z1,x2) € R we have
Pp0)"- ([ o) u (Ps)! - ([ ] o) - s)(wr,2) = (Pp1) - ([ ] o) (1, 22),
oesS oesS oesS
a0 and

(Pp2)' - ([ ] o) w (Ps)- ([ ] 0) - 8)(@r,2) = (Pp2)" - (P)- ([ ] o) - 5) (w1, 2).

ceS o€eS c€eS I

By Lemma 2.24 there exists a simulation § € S for which we have (Pp;)' -
§(z1,22) = a(x1). So, (Pp1)' - ([,e5 @) (w1, 72) = a(z1). Then by the equations
in (5) we also get (Pp2)T - (Ps)T- ([N,es ) - 8)(21,22) = a(x2). |
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3 Symmetric Simulation in Quantaloids

We generalize Proposition 2.25 in regular quantaloids. A quantaloid is a category
enriched with suplattices. Abstractly, first we define an operation that we need
on morphisms that takes two simulation witnesses of type R — (FR)' to a
morphism of type R — FX x FX:

g1 ® 09 = (Fpl)T 01 M (Fpl)T c09 X (sz):r 01 M (Fpg)T 09

Lemma 3.1. Assuming that R is a symmetric relation, and S # 0 is the set of
all simulation witnesses of the type R — (FR)T, then there exists a simulation
witness o € S that, (Fp1)' -0 =a-p;.

Proof. Since S # () there exists § € S. We define o as the following:
o= ((a-p1), (FP2)T +6)
We have (Fp;)'-o.

4 Relators

4.1 Two-way similarity in Hughes-Jacobs

Hughes and Jacobs define two-way similarity as < n <°P. They give a sufficient
condition for the two-way similarity to be the bisimilarity. We discuss that this
condition does not allow us to say that a symmetric simularity is a bisimilarity.
The condition is:

C;(FR)KE A C®(FR)LC® < (F(RinRy)
We need the case that Ry = Ro, and we refer to it with R. So, we need to have
C;(FR,E n C°°(FR);C® C (FR)'.

Assuming (71,72) € C;(FR),C  n  Co;(FR)';C° means that there
exist (u,v), (v/,v") € (FR), such that 1 C u, v C 21, v C 29, and x5 C v'.
We can also use the symmetry of R, and then from (z1,23) € R derive that
there exist (w, z), (w’, 2’) such that z; C z, 2/ C 21, w C 29, and 2 C w’. The
situation can be illustrated as the following:

u U v v’

< <& < <
X1 x2

<& < <& <

P4 z w w’

But then how can we derive (z1,22) € (FR)1?
TODO: Investigate more! Can it be doable really?!

{lem:alph-prod-abs}



345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

24 S. Goncharov, P. Partow

4.2 Uniqueness of the witness in Hughes-Jacobs definition

In this section we set Rel to be the category that has sets as objects and binary
relations as morphisms. We answer the question that why there can be multiple
simulation witnesses based on Definition 2.8, while for the same relation, there
is only one witness according to Hughes-Jacobs simulation.

Definition 4.1 (Hughes-Jacobs Simulation). For a functor F, and a poset
C over F' a HuJ-simulation is a relation r for which there exists a morphism
o:r — (Fr)' called witness such that the following diagram commutes (; is the
relation composition):

X P1 R P2 Y

| | |’
. f.
FX «— G (FR)\LC —— FY

Pic Fpac

At the moment we have limited the discussion to the category of sets and we are
talking about the powerset functor. We know that o is unique in the following
diagram:

X P1 R P2 Yy

i |

PX o— < (PR)i€ —— PY

Pic D2c

It is defined as o (21, 22) = (a(z1), f(x2)). But ¢’ in the following diagram is not
unique:

PX —— (PR)} — PY

Ppy Ppy

Because assuming we have o, for every given o’ we can define a 6: (PR)! —c
:(PR)T; < that o = § - ¢, i.e., the following diagram commutes:

X - R P Y
N |- E
PX (PR)T PY

J

. f.
PX P < (PR); Prac PY

To define , we define c¢: (PR') — ((PR') x R) + (PR)" and u: ((PR") x R) +
(PR)" —<; (PR)'; < and then we define § = u - c. Here are the definitions for ¢
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and wu:

o(w) = {irﬂ(w, (z1,22)) Fr1,22,0'(21,22) = w

inrw o.W

u(inlw, (z1,22)) = (a(21), a(x2))

u(inrw) = w

4.3 Symmetric simulation

Notation 4.2. From now on, we show relations with small letters, and for two
relations r; and ro by r1 < ro we mean r; S ry. Also, we show the category of
relations over set that we represent by spans with Span, and Rel is the category
of sets and binary relations between them.

Lemma 4.3. 7: X > Y is a morphism in Rel iff there is an object (r,p1,p2)
in Span.

Proof. (=): r: X -» Y being a morphism in Rel means that in Set there exist
an object r with a unique mono of type r — X x Y that is a pairing that we
show with (p1,p2). So, (r,p1,p2) form an object in Span.

(«): If (r,p1,p2) is an object in Span, then r is a binary relation from X to
Y so, it is a morphism of type X —> Y in Rel. O

The above translation seems to be true in a more general case, where Span and
Rel are defined on an arbitrary category (the latter is called an allegory then).

Definition 4.4 (Relator). Assuming F' is a functor on Set, a F-relator or
simply a relator R is a monotone map that sends a morphism of Rel that is a
relation X > Y to FX —» FY.

Definition 4.5 (Hermida-Jacobs Simulation). For a relator R on a functor
F a HJ-simulation from a coalgebra a: X — FX to a coalgebra §: Y — FY is
a relation r for which there exists a morphism o: r — Rr called witness such
that the following diagram commutes (; is the relation composition):

X Pp1 r P2 )%

bk g

FX «— Rr —— FY
Fp® " (PR

Definition 4.6 (Relator-based Simulation). Given a relator R, a relation
r: X —» Y is a R-simulation from a coalgebra a: X — FX to a coalgebra
B:Y - FY if r < a;Rr; B, Le, if (z,y) € r entails (a(x), B(y)) € Rr, for all
reXandyeY.

Definition 4.7 (Symmetric Relator). A relator R is symmetric if and only
if for every relation r we have R(r°?) = (Rr)°P.

{lem:rel-span-equiv}

{def:hej-sim}

{eq:hej-sim}
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Definition 4.8 (Relator-based Bisimulation). Given a relator R, a relation
r: X - Y is a R-bisimulation from a coalgebra a: X — FX to a coalgebra
B:Y — FY if r is a R-simulation, and R is a symmetric relator.

Notation 4.9. From now on we refer to relator-based simulations of a relator
R with R-simulation. If we talk about a HJ-simulation we specify the witness.

Lemma 4.10. r being a R-simulation means that assuming x r y we have

a(z) Rr 5(y).

Proof. r being a R-simulation means r < 8°° - Rr - «, meaning that if z r y
then x a; Rr; 8°° y, and it means that there exist w € Rr that its first element
is equal with a(z) and its second element is equal with 8(y), enabling us to say
a(z) Rr B(y). =

Proposition 4.11. For a relator R of a functor F, a relation r is a R-
simulation from a: X — FX to B:Y — FY iff it is a HJ-simulation with
the witness o: r — Rr.

Proof. (=): r being a R-simulation means that = r y gives a(z) Rr 8(y).
Since r and Rr are both relations, by Lemma 4.3 there exist objects (7, p1,p2)
and (Rr, (Fp1)®, (Fpo)®) in Span. We define o: r — Rr to be o(z,y) =
(a(z), B(y)). o commutes in (9), so we have a HJ-simulation.

(«<): Assuming we have a ¢ that commutes in (9), we want to prove that if
x vy we have a(z) Rr B(y). By (9) we have a-p; = (Fp;)® -0 and a-py =
(Fp2)® - 0. It means that since o r y then exists w € Rr, such that o(z,y) = w,
where (F'p1)®(w) = a(z) and (Fp2)®(w) = B(y). So, we have a(x) Rr 8(y). o

Proposition 4.12. For an arbitrary relator R on a functor F, if a relation r
is a HJ-simulation, the witness is unique.

Proof. 1t only relies on the fact that (Fp;)® and (Fpy)® in (4.5) are jointly
monic. m|

Definition 4.13. We call R a symmetrization of a relator R iff for a relation r
it is defined as follows:

Rr = Rr n (R(r°P))°P
Proposition 4.14. For every relator R, R is a relator.

Proof. Almost obvious! m]

Proposition 4.15. Assuming that R is a relator, and r and r°° are both R-
simulations from a coalgebra a: X — FX to a coalgebra 3:Y — FY and
vice-versa respectively, then r is also a R-simulation.

Proof. We need to prove that x r y gives a(x) Rr B(y). r being a R-simulation
means that assuming = r y we have a(x) Rr S(y). So, we are left to prove
a(z) (R(r°P))°P B(y). x r y gives y r°P z, and r°P being a R-simulation from 3
to « gives B(y) RroP a(x). So, we have a(z) (R(r°P))°P B(y). o
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Corollary 4.16. Assuming that R is a relator, and r is a symmetric R-
simulation from a coalgebra a: X — FX to itself, then r is also a R-simulation.

Remark 4.17. If we want to have the previous corollary for two different coal-
gebras a: X — FX and #: X — FX, we need to assume that r°P is also a
R-simulation from S to a.

Proposition 4.18. R isa symmetric relator, i.e., every R-simulation is actu-
ally a R-bisimulation.

Proof.

R(r)

Il

R(rP) o (R(r°?)°P)°P
R(r?) n (Rr)®P

Rr)°® n R(rP)
((Rr)%" n R(r))°P)*®
R (R(rP))%P)*P
Rr)°P

(
(
= (
= (

O

Proposition 4.19. Assuming that R is a symmetric relator, and r is a R-
simulation from a coalgebra (X, a) to itself, then roP is a R-simulation as well.

Proof. 1t is easy to directly show that r°P is a R-simulation. O

Corollary 4.20. Assuming that R is a symmetric relator, then the R-
simularity from a coalgebra (X, ) to itself is a symmetric relation.

Proposition 4.21. Assuming that R is a symmetric relator, then for every r
that is a R-simulation, r°P is also a R-simulation.

Proof. Assuming y r°°x we have z r y. Since r is R-simulation we have
a(z) Rr B(y). So, we have B(y) (Rr)°® «(z), and since R is symmetric we
have 5(y) RrP a(x). o

Definition 4.22 (Behavioural Equivalence). Two states x and y of two coal-
gebras (X, a) and (Y, 8) are behaviourally equivalent iff there exist a coalgebra
(Z,~) and coalgebra morphisms f: (X,«) — (Z,7v) and ¢g: (Y, 5) — (Z,7) such
that f(x) = g(y). The relation r consisting of all behaviourally equivalent states
of these two coalgebras is called behavioural equivalence.

Definition 4.23 (Difunctional Relation). A relation r: X —» Y is difunc-
tional iff there are functions f: X — Z and ¢g: Y — Z such that for every

(z,y) € R we have f(z) = g(y).
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Definition 4.24 (Soundness and Completeness of R-similarity). For a
relator R the R-similarity from a coalgebra (X, ) to a coalgebra (Y, 8) is sound
iff it is less than or equal to their behavioural equivalence, and it is complete iff
it is greater than or equal to their behavioural equivalence.

Theorem 4.25. Let R be a relator for a functor F:
1. If for all functions f: X - Aand g: Y — A, R(¢°°- f) = (Fg)°- Ff, then

R-similarity is complete.
2. If R preserves difunctional relations and for every epi-cospan (f: X —
A,g:Y — A) e Set, R(g°P - f) < (Fg)°P - Ff, then R-similarity is sound.
o

Proposition 4.26. Assuming that R is a F-relator that preserves difunctional
relations, then R does the same.

Proof. Assuming r is difunctional, then there exist fi1, fo: FX — FZ and
91,92: FY — FZ such that p Rr ¢ iff fi(p) = ¢1(¢) and ¢ Rr°P p iff
f2(p) = g2(q). By the definition of R we have p Rr ¢ iff p Rr ¢ and p (Rr°P)°P ¢
that is equivalent to say that (f1, f2)(p) = (g1, 92)(q)- o

Corollary 4.27. Assuming that R is a F-relator that preserves difunctional
relations, for every symmetric relation r we have Rr = Rr.

Proof. R-similarity being symmetric means that for the fi, f2, g1 and g5 in the
proof of Proposition 4.26, we have f; = f5 and g1 = g». ]

Assuming that R-similarity is complete, does not guarantee that f{—similarity
is sound and complete. We give a counter-example. Assuming that R is a P-
relator that takes 7: X —> Y to PX x PY, then Rr = PX x PY as well. It
means that for every coalgebras (X, a), (Y, 3), f{—similarity is equal to X x Y,
which is rare to be equal to behavioural equivalence. For example, if we take
X = {z1,22} and Y = {y1, 92, y3}, and we define o and S as

a(z) = {{xl,xg} T =1

{xo} T = T9
and
{93} Yy=u
Bly) =Y Yy =12
0 Yy=1ys

then at least (z1,ys) is not in the behavioural equivalence, while it is in R-
similarity.

Proposition 4.28. Assuming that R-similarity is symmetric and complete,
then R-similarity from a coalgebra a: X — FX to itself is sound and complete.
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Proof. (Completeness): We show R-similarity with r, and R-similarity with 7.
Also, we show the behabioural equivalence with ry,. Since

Proposition 4.29. Assuming that R is a F-relator (F is a set functor), that
for every functions f: X — Z and g: Y — Z, we have R(¢°° - f) = (Fg)*®- Ff,
then R-similarity is complete.

Proof. We need to prove that for every functions f: X — Z and ¢g: Y — Z we
have f{(g°p-f) > (Fg)°P-F f. By the assumption we have R(¢g°P- f) = (F¢)°?-F'f.
Also, again from the assumption we have R(f°P - g) = (Ff)°° - Fg that gives
(R(f% - g))*® > (Fg)*® - Ff. So, we have R(g® - ) > F(g)*® - F. o

Proposition 4.30. Assuming that R is a symmetric relator for a functor
F: Set — Set, then the R-bisimilarity from a coalgebra a: X — FX to it-
self is sound, using the axiom of choice.

Proof. We call the bisimilarity relation r, and we assume x; r 3, now we need
to prove that z; and x5 are behaviourally equivalent. We take Z = X /r, where
X/r ={[z] | [#] = {y | = r y}}. Now, we define the coalgebra homomorphism
f: X — X/r as f(x) = [z]. So, assuming x; r x2 gives f(x1) = f(z2). Now,
assuming that exists a choice function ¢: X /r — X that ¢- f = idx, we define
v: X/r = F(X/r), as y([z]) = Ff - a- ¢([z]). Now, we have

v f
=Ff-a-c-f
=Ff- a.

So, 1 and z9 are behaviourally equivalent. So, the R-bisimilarity is sound. o

Corollary 4.31. Assuming that a relator R over a functor F': Set — Set satis-
fies R(g°P - f) = (F'g)°P - F'f for every functions f: X — Z and g: Y — Z, then
f{-bisimilarity from a coalgebra a: X — FX to itself is sound and complete,
using the axiom of choice.

Proposition 4.32. Assuming that for a relator R over F': Set — Set, R is
difunctionally functorial, then R is also difunctionally functorial, and vice-versa.

Proof. R being difunctionally functorial means that for every functions f: X —
FX and g: Y — FY, we have R(g°P - f) = (Fg)°P - F'f. It is equivalent with the
both following conditions being true:

o R(g®-f) < (Fg)® - Ff,or (R(f-g))*® < (Fg)* - Ff
* R(g® - f) = (Fg)*® - Ff and (R(fP - g))%® = (Fg)*® - F f

The proof from right to left is obvious. For the other direction we assume that R
is difunctinally functorial. Then we have R(g°P- f) < (Fg)°P-Ff and R(¢°?-f) >
(Fg)°P - Ff. The earlier gives the first item, and the later gives the second item.
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