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Abstract. Hello simulation!6

1 Coalgebraic Simulation7

We show the category of preorders with monotone functions between them with8

PreOrd. In the diagrams, any arrow that shows a functor, but does not have a9

label is showing a forgetful functor. Also, we use Rel to refer to the category of10

binary relations. Assuming R P ObjpRelq and R Ď X1 ˆX2, and S P ObjpRelq11

and S Ď Y1 ˆ Y2, then a morphism f : R Ñ S in this category is the pair12

pf1, f2q of morhpisms in Set, where, f1 : X1 Ñ Y1 and f2 : X2 Ñ Y2, and for13

each px1, x2q P R we have pf1px1q, f2px2qq P S. Also, we show projections of14

R P ObjpRelq with p1 and p2 that are morphisms in Set.15

Definition 1.1 (A Preorder Over a Functor). Assuming F : Set Ñ Set is a16

functor, we call ⊑ : Set Ñ PreOrd an order over the functor F iff the following17

diagram commutes:18

PreOrd

Set Set

⊑

F

Definition 1.2 (Relation Lifting). Assuming F : Set Ñ Set is a functor,19

then we call RelpF q : Rel Ñ Rel a relation lifting of F , where the following20

diagram commutes:21

Rel Rel

Set ˆ Set Set ˆ Set

RelpF q

FˆF

We take RelpF q : Rel Ñ Rel to be the functor that for an arbitrary functor22

F takes a relation R, where R P ObjpRelq and R Ď X1 ˆ X2, and gives the23

relation that is the image of the function ⟨Fp1, Fp2⟩ : FR Ñ FX ˆ FY .24

Definition 1.3 (Bisimulation). For a functor F : Set Ñ Set, a bisimulation25

is a RelpF q-coalgebra in Rel.26
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Proposition 1.4. Assuming that pR,αq is a RelpF q-coalgebra, where α “ β1 ˆ27

β2 in Set ˆ Set, then the following diagram commutes, and vice-versa:28

X1 R X2

FX1 FR FX2

β1

p1 p2

β β2

Fp1 Fp2

We gave an introduction to Hughes and Jacobs paper. They also have a way29

to represent simulation relations. In the following, we try to find a suitable30

formalization for simulation relations, inspired by Hughes and Jacobs.31

1.1 Relations as ((((((Pullbacks Spans(?)32

We can not show every relation by pullbacks, but we can just show relations of33

the form34

tpa, bq | fpaq “ gpbqu

for some functions f and g, when we are in Set, so we can not show every ob-35

ject in Rel using this approach, including Rel⊑pF qpRq ⊑X2 ;RelpF qpRq;⊑X136

that is the target of simulation. Although we can show Rel⊑pF qpRq ⊑X2
37

;RelpF qpRq;⊑X1
as a span.38

Assuming, we have a category C, an object of the category of spans over C39

is pR,X1, X2, p1, p2q in the form of the following diagram:40

R

X1 X2

p1 p2

A morhpism from a span pR,X1, X2, p1, p2q to a span pS, Y1, Y2, q1, q2q is a mor-41

phism f : R Ñ S in C, for which exist f1 : X1 Ñ Yi and f2 : X2 Ñ Yj , where42

i, j P t1, 2u and i ‰ j, and they are in C, that take part in the following com-43

muting diagram:44

X2 R X1

Yj S Yi

f2

p2 p1

f f1

qj qi
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We define a F -simulation as the coalgebra of the object45

⊑X1
;RelpF qpRq;⊑X2

that has the following structure in C:46

⊑X1
;RelpF qpRq;⊑X2

⊑X1
;RelpF qpRq ⊑X1

FX1

FR FX1

⊑X2
FX2

FX2

π1

π2

⌟

φ1

φ2

⌟

i11

i12

Fp1

Fp2

i21

i22

47

We show that if we consider a relation R and its opposite are both simula-48

tion relations, then R is a bisimulation. To reach to that goal, we give a formal49

definition of what we mean by the opposite of R in our categorical setting that50

we show with Rop. pRop, p1
1, p

1
2q is a span, that is isomorphic to R via morphism51

s : R Ñ Rop in Rel that we call swap, and it commutes in the following commu-52

tative diagram:53

X2 R X1

X2 Rop X1

id

p2 p1

s id

p1
1 p1

2

54

Lemma 1.5. The relation p⊑X1
;RelpF qpRq;⊑X2

qop is isomorphic to ⊑Xop
2

55

;RelpF qpRopq;⊑Xop
1
.56

Proof. We set s1 : ⊑X1Ñ⊑op
X1

and s2 : ⊑X2Ñ⊑op
X2

to be the swaps of ⊑X1 and57

⊑X2
, respectively. Since we have58

i11
1 ¨ s1 ¨ φ1

“ i12 ¨ φ2

“ Fp1 ¨ φ2

“ Fp1
2 ¨ Fs ¨ φ2,

there exists the morphism s2 : ⊑X1
;RelpF qpRq Ñ RelpF qpRopq;⊑op

X1
depicted59

in the following commutative diagram:60

⊑X1
;RelpF qpRq ⊑X1

FR RelpF qpRopq;⊑op
X1

⊑op
X1

FRop FX1

φ1

φ2
s2

s1

Fs

φ1
2

φ1
1

⌟
i11
1

Fp1
2
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Similarily, we get s2-1 : ⊑X1
;RelpF qpRq Ñ RelpF qpRopq;⊑op

X1
since61

i12 ¨ s-1
1 ¨ φ1

2

“ i11
1 ¨ φ1

2

“ Fp1
2 ¨ φ1

1

“ Fp1 ¨ Fs-1
1 ¨ φ1

1,

and it is depicted in the following diagram:62

RelpF qpRopq;⊑op
X1

⊑X1

FRop ⊑X1
;RelpF qpRq ⊑X1

FR FX1

φ1
2

φ1
1

s2-1

s-1
1

Fs-1

φ1

φ2

⌟
i12

Fp1

Obviously, s2 and s2-1 are each other’s inverse, thus ⊑X1
;RelpF qpRq and63

RelpF qpRopq;⊑op
X1

are isomorphic.64

Fp1
1 ¨ φ1

1 ¨ s2 ¨ π1

“ Fp1
1 ¨ Fs ¨ φ2 ¨ π1

“ Fp2 ¨ φ2 ¨ π1

“ i21 ¨ π2

“ i12
2 ¨ s2 ¨ π2

⊑X1
;RelpF qpRq;⊑X2

⊑X1
;RelpF qpRq

⊑op
X2

;RelpF qpRopq;⊑op
X1

RelpF qpRopq;⊑op
X1

⊑X2
FRop

⊑op
X2

FX2

π1

s1

π2

s2

π1
2

π1
1

⌟ φ1
1

s2 Fp1
1

i12
2

65

Fp2 ¨ φ2 ¨ s2-1 ¨ π1
2

“ Fp2 ¨ Fs-1 ¨ φ1
1 ¨ π1

2

“ Fp1
1 ¨ φ1

1 ¨ π1
2

“ i12
2 ¨ π1

1

“ i21 ¨ s-1
2 ¨ π1

1
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66

⊑op
X2

;RelpF qpRopq;⊑op
X1

RelpF qpRopq;⊑op
X1

⊑X1
;RelpF qpRq;⊑X2

⊑X1
;RelpF qpRq

FR

⊑op
X2

⊑X2
FX2

π1
2

s1-1

π1
1

s2-1

π1

π2

⌟ φ2

Fp2

s2
-1 i21

So, we could prove that ⊑X1 ;RelpF qpRq;⊑X2 and ⊑op
X2

;RelpF qpRopq;⊑op
X1

are
isomorphic. p⊑X1

;RelpF qpRq;⊑X2
qop is isomorphic to ⊑X1

;RelpF qpRq;⊑X2
by

definition, so it is also isomorphic with ⊑op
X2

;RelpF qpRopq;⊑op
X1

. [\

Proposition 1.6. Having σ : R Ñ⊑X2
;RelpF qpRq;⊑X1

and σop : Rop Ñ⊑X1
67

;RelpF qpRopq;⊑X2
gives rise to a morphism γ : R Ñ RelpF qpRq, and vice-versa.68

Proof.

R X1

⊑X1
;RelpF qpRq;⊑X2

⊑X1
;RelpF qpRq ⊑X1

FX1 X1

FR FX1 ⊑op
X1

⊑X2
FX2 FRop RelpF qpRopq;⊑op

X1

X2 FX2 ⊑op
X2

⊑op
X2

;RelpF qpRopq;⊑op
X1

X2 Rop

p1

σ

p2

α

π1

π2

⌟

φ1

φ2
⌟

i11

i12

s1

α

Fp1

Fp2 Fs

i11
2

i11
1

i21

i22 s2

Fp1
2

Fp1
1

⌟ φ1
2

φ1
1

β i12
1

π1
2

π1
1

β

p1
2

σop

p1
1

i12
2

⌟

(ð): We assume that we have the morphism γ : R Ñ FR such that the following69

diagram commutes:70

X2 R X1

FX2 FR FX1

β

p2 p1

γ α

Fp2 Fp1

(1)

Since ⊑X1
and ⊑X1

preorders, they each have a morphism refl that pre-composed71

with their projections gives identity. As it is depicted in the following diagram72

the pullback property of ⊑X1
;RelpF qpRq gives us σ1 : R Ñ ⊑X1

;RelpF qpRq in73
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the following commutative diagram:74

R X1 FX1

⊑X1
;RelpF qpRq ⊑X1

FR FX1

p1

σ1

γ

α

refl

φ1

φ2

⌟
i12

Fp1

(2) {eq:diag-thm-sig’}{eq:diag-thm-sig’}

Then the pullback property of ⊑X1
;RelpF qpRq;⊑X2

gives us the existence of75

σ : R Ñ⊑X1 ;RelpF qpRq;⊑X2 in the following commutative diagram:76

X2 R

⊑X1
;RelpF qpRq;⊑X2

⊑X1
;RelpF qpRq

FR

FX2 ⊑X2 FX2

β

p2

σ

σ1

γ

π1

π2

⌟ φ2

Fp2

refl i21

(3){eq:diag-thm-sig}{eq:diag-thm-sig}

Now, we show that σ is a simulation:77

i11 ¨ φ1 ¨ π1 ¨ σ

“ i11 ¨ φ1 ¨ σ1 // (3)

“ i11 ¨ refl ¨ α ¨ p1 // (2)
“ α ¨ p1

78

i22 ¨ π2 ¨ σ

“ i22 ¨ refl ¨ β ¨ p2 // (3)
“ β ¨ p2

Considering that s : R Ñ Rop and s1 : ⊑X1
;RelpF qpRq;⊑X2

Ñ⊑op
X2

79

;RelpF qpRopq;⊑op
X1

are swapping isomorphisms, We set σop : Rop Ñ⊑op
X2

80

;RelpF qpRopq;⊑op
X1

to be σop “ s1 ¨ σ ¨ s-1. Now, we show that σ1 is a simu-81

lation:82

i11
2 ¨ φ1

2 ¨ π1
2 ¨ σop

“ i11
2 ¨ φ1

2 ¨ π1
2 ¨ s1 ¨ σ ¨ s-1

“ i11 ¨ φ1 ¨ π1 ¨ σ ¨ s-1

“ α ¨ p1 ¨ s-1
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“ α ¨ p1
2

83

i12
1 ¨ π1

1 ¨ σop “

“ i12
1 ¨ π1

1 ¨ s1 ¨ σ ¨ s-1

“ i22 ¨ π2 ¨ σ ¨ s-1

“ β ¨ p2 ¨ s-1

“ β ¨ p1
1

1.2 Simulation with one relation composition84

We recall everything we had in the previous section. Although we want to work85

with the functor that takes R Ď X1 ˆ X2 and gives RelpF qpRq;⊑X2
.86

RelpF qpRq;⊑X2
FR FX1

⊑X2
FX2

FX2

π1

π2

⌟

Fp1

Fp2

i1

i2

87

R X1

RelpF qpRq;⊑X2
FR FX1 X1

⊑X2
FX2 FR

X2 FX2 ⊑op
X2

RelpF qpRq;⊑op
X2

X2 R

p1

σ

p2

α

π1

π2

⌟

Fp1

Fp2

α

i1

i2

Fp1

Fp2

β

i1
1

i1
2

π1
1

π1
2

β σop

p2

88

Proposition 1.7. Assuming R Ď X ˆ X, then if we have σ : R Ñ89

RelpF qpRq;⊑X as a simulation for R, and R is reflexive, then we have γ : R Ñ90

RelpF qpRq as a bisimulation for R, and vice-versa.91

Proof. pñq :92

Fp2 ¨ π1 ¨ σ

“ i1 ¨ π2 ¨ σ

“ i1
2 ¨ s ¨ π2 ¨ σ

“
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1.3 Using Lax Pullbacks (Comma Objects) to Model Simulation93

A big concern with this approach is that Comma Objects are defined in a 2-94

category, so we can not define them in Set, while our main inspirational example95

is coming from Set.96

1.4 Working in Set First, Like Hughes and Jacobs97

1.5 Choosing a suitable order for our setting98

Maybe we can first choose a suitable order on T pΣvµΣ ˆ DpµΣ, µΣqq and then99

prove that if a relation and its inverse is a simulation then it is a bisimulation100

as well. Maybe T being ω-continuous can give the ordering. It can be something101

easier that relates to termination as well! That if a term has a big-step evaluation,102

then it is bigger than or equal to any other term, and if it does not, then it is103

less than or equal to any other term.104

2 Symmetric Simulation is Bisimulation105

Definition 2.1 (Graph). In a category C a graph is a tuple pR,Xq of the106

following form:107

R

X X

p1 p2

Graphs over C form a category that we show by GrapCq.108

Definition 2.2 (Symmetric Graph). A graph pR,Xq is symmetric iff there109

exists an endomorphism s : R Ñ R, such that the following diagram commutes110

X R X

X R X

id

p2 p1

s id

p1 p2

and s ¨ s “ id. We call s a swap for R.111

{lem:gra-sym}
Lemma 2.3. Symmetry of a graphs over preserved a functor.112

Definition 2.4 (Relation). A relation in a category C is a graph pR,Xq where113

⟨p1, p2⟩ : R Ñ X ˆ Y is monic. Relations over C form a category that we show114

by RelpCq.115

Definition 2.5 (Jointly Monic). A pair of morphisms p1, p2 : R Ñ X is116

jointly monic iff for every pair of morphisms f, g : A Ñ R assuming that117

p1 ¨ f “ p1 ¨ g and p2 ¨ f “ p2 ¨ g then f “ g.118
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{prop:rel-joi-mon}

Proposition 2.6. A graph pR,Xq is a relation iff p1 and p2 are jointly monic.119

Proof. (ñ): We assume that for morphisms f, g : A Ñ R we have p1¨f “ p1¨g and120

p2¨f “ p2¨g, and we want to prove that f “ g. Assuming that π1, π2 : XˆX Ñ X121

are projections of X ˆ X, then we have:122

⟨p1, p2⟩ ¨ f

“⟨p1 ¨ f, p2 ¨ f⟩
“⟨p1 ¨ g, p2 ¨ g⟩
“⟨p1, p2⟩ ¨ g

Since ⟨p1, p2⟩ is moinc, from ⟨p1, p2⟩ ¨ f “ ⟨p1, p2⟩ ¨ g we get f “ g.123

(ð): Assuming for some morphisms f, g : A Ñ R we have ⟨p1, p2⟩ ¨ f “

⟨p1, p2⟩ ¨ g we need to prove f “ g. From ⟨p1, p2⟩ ¨ f “ ⟨p1, p2⟩ ¨ g we get ⟨p1 ¨

f, p2 ¨ f⟩ “ ⟨p1 ¨ g, p2 ¨ g⟩. Assuming that π1, π2 : X ˆ X Ñ X are projections of
X ˆX, then we have π1 ¨ ⟨p1 ¨f, p2 ¨f⟩ “ π1 ¨ ⟨p1 ¨g, p2 ¨g⟩, and then p1 ¨f “ p1 ¨g.
Similarly we also get p2 ¨ f “ p2 ¨ g. So, since p1 and p2 are jointly monic, then
we have f “ g. [\

We need to work with endofunctors over C that are lifted over RelpCq, for124

which we need to first define endofunctors lifted over GrapCq. Lifting from C125

to GrapCq is easy. For F : C Ñ C we define FGra : GrapCq Ñ GrapCq as a126

functor that takes a graph pR,Xq, and gives pFR,FXq, were F is also applied127

on legs of the graph, i.e., p1, p2 : R Ñ X, so, we get the following graph:128

FR

FX FX

Fp1 Fp2

This lifting does not work for Rel. As an example, if we set F to be the powerset129

functor P, then pPR,PXq is not necessarily a relation anymore. For example, if130

we take R “ tp1, 0q, p0, 1q, p0, 0q, p1, 1qu, then taking ttp1, 0q, p0, 1q, p0, 0q, p1, 1quu131

and ttp1, 0q, p0, 1q, p0, 0quu as elements of PR, the morphism ⟨Pp1,Pp2⟩ maps132

them both to pt0, 1u, t0, 1uq so it is not monic.133

To cope with this, we assume the following epi-mono decomposition for134

pR,Xq P RelpCq:135

R R: X ˆ XeR

⟨p1,p2⟩

⟨p:
1,p

:
2⟩
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We can define p´q: as a functor from GrapCq Ñ RelpCq, then we define136

FRel : RelpCq Ñ RelpCq to take pR,Xq to the following relation:137

pFRq:

FX FX

FX ˆ FX

pFp1q
:

pFp2q
:

⟨pFp1q
:,pFp2q

:⟩

138
{lem:norm-simp}

Lemma 2.7. Assuming that we have the following commutative diagram:139

X R X

FX FR FX

α

p1 p2

σ α

Fp1 Fp2

Then there exists σ: : R Ñ pFRq: in the following diagram that is also commu-140

tative:141

X R X

FX pFRq: FX

α

p1 p2

σ: α

Fp:
1 Fp:

2

Proof. The proof is trivial considering that σ: “ eFR ¨ σ, where eFR is the142

epimorphism in the epi-mono factorization of ⟨Fp1, Fp2⟩, as depicted in the143

following diagram:144

X R X

FX FR FX

FX pFRq: FX

α

p1 p2

σ α

id

Fp1 Fp2

eFR id

Fp:
1 Fp:

2

[\

We show this relation with FRelpR,Xq.145

Definition 2.8 (Simulation). A coalgebra σ : R Ñ pFRq: is a simulation over{def:sim}146

the F -coalgebra α : X Ñ FX iff the following diagram is lax-commutative:147

X R X

FX pFRq: FX

α ⊑

p1 p2

σ α⊑

pFp1q
:

pFp2q
:

(4){eq:diag-lax-sim}{eq:diag-lax-sim}
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Definition 2.9 (Bisimulation). The morphism σ in Definition 2.8 is a bisim-{def:bisim}148

ulation iff the mentioned diagram is fully commutative.149

Remark 2.10. The mentioned definition of bisimulation is actually, the classi-150

cal one in the literature that is to have the following commutative diagram:151

X R X

FX pFRq: FX

α

p1 p2

σ α

pFp1q
:

pFp2q
:

It may look different because we have FX and not pFXq:, but they are the152

same. An object X P ObjpCq is pX,Xq P RelpCq having id as its legs. Meaning153

that the pFXq: “ FX.154

{prop:iff-sim-bsim}
Proposition 2.11. Assuming that we have a bisimulation σ for R, we have the155

following equation:156

σ ¨ s “ pFsq: ¨ σ

Proof. We recall that by Lemma 2.3, FRelpR,Xq is symmetric with the swap157

pFsq:. Assuming that σ is a bisimulation, we have the following commutative158

diagram:159

R

X R X

FX pFRq: FX

pFRq:

p2

s

p1

α

p1 p2

σ α

pFp2q
:

pFp1q
:

pFp2q
:

pFsq
:

pFp1q
:

(5) {eq:diag-sym-rel}{eq:diag-sym-rel}

And it entails that the following diagrams are also commutative:160

X R X X R X

FX pFRq: FX FX pFRq: FX

α

p2 p1

σ¨s α α

p2 p1

pFsq
:

¨σ α

pFp1q
:

pFp2q
:

pFp1q
:

pFp2q
:

So, since pFp1q: and pFp2q: are jointly monic (because FRelpR,Xq is a relation
and Proposition 2.6) we have σ ¨ s “ pFsq: ¨ σ. [\

Corollary 2.12. Assuming σ1 and σ2 are simulations of type R Ñ pFRq:, and161

R is symmetric and both σ1 and σ2 satisfy the following property:162

pFsq: ¨ σ “ σ ¨ s

Then σ1 “ σ2.163
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Proof. As the mentioned property is equivalent with σ being a bisimulation, and164

bisimulation is unique, then σ1 “ σ2.165

Now, we give a counter example of a symmetric relation on Set that is a166

simulation according to Definition 2.8, i.e, exists the morphism σ that com-167

mutes laxly in (4), but σ is not a coalgebraic bisimulation, although the168

relation that we give is clearly a bisimulation in the classic sense. We set169

R “ tpA,Bq, pB,Aq, pC1, C2q, pC2, C1q, pC 1
2, C2q, pC2, C

1
2q, pC2, C2qu, F “ Id,170

⊑“ ∆ Y tpC1, C2q, pC2, C
1
2qu, and the coalgebra α is defined with the follow-171

ing set of reductions:172

A Ñ C1 B Ñ C2 C1 Ñ C1 C2 Ñ C2 C 1
2 Ñ C2

And finally, we define σ as follows:173

σpwq “

#

pα ¨ p1pwq, α ¨ p2pwqq w ‰ pB,Aq

pC 1
2, C2q w “ pB,Aq

It is easy to check that the conditions α ¨p1 ⊑ pFp1q: ¨σ and pFp2q: ¨σ ⊑ α ¨p2174

are satisfied. For every w P R if w ‰ pB,Aq then for i P t1, 2u, we have α ¨ pi “175

pFpiq
: ¨σ, and for w “ pB,Aq we have α ¨p1pB,Aq “ C2 ⊑ C 1

2 “ pFp1q: ¨σpB,Aq,176

and α ¨ p2pB,Aq “ C1 ⊑ C2 “ pFp2q: ¨ σpB,Aq. And σ is not a coalgebraic177

bisimulation as α ¨ p1pB,Aq “ C2 ‰ C 1
2 “ pFp1q: ¨ σpB,Aq.178

An interesting question would be to find out what conditions σ should have179

(maybe we have the answer to this! Proposition 2.11), or how it should be con-180

structed (perhaps based on a given poset) so that it will also be a coalgebraic181

bisimulation if R is symmetric. Another avenue would be to give another defini-182

tion for simulation that does not have this issue.183

Well! This counter example does not work! Because the described order ⊑184

does not satisfy the condition mentioned in Jacobs’s paper. The condition is that185

the order on FX should satisfy the property that for a morphism f : X Ñ Y the186

morphism Ff : FX Ñ FY preserves ⊑. Probably, the only poset that has this187

property for Id is ∆. If there is a counter-example, it is true for another functor.188

(But still!)We have a counter-example for a symmetric relation R that has a189

witness to be a simulation, but that morphism does not serve as a witness for190

R to be a bisimulation. In the category of sets we assume that F “ P, and take191

R “ tp1, 2q, p2, 1q, p1, 3q, p3, 1qu, and X “ t1, 2, 3u. αpxq “ X for every x P X,192

and σ is defined as below:193

σpwq “

#

pX,Xq w ‰ p1, 3q

pX,Xzt2uq w “ p1, 3q

In this scenario, σ is a witness for R to be a simulation, but it is not a witness194

for R to be a bisimulation. σ is a witness for R to be a simulation since for195

every w P R we have αpp1pwqq Ď ppPp1q;pσpwqqq “ X. Also, for every w P R,196

ppPp2q;pσpwqqq Ď αpp2pwqq “ X. But it is not a bisimulation, since αpp2p1, 3qq “197

αp3q “ X ‰ pPp2q;pσp1, 3qq “ Xzt2u.198
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Example 2.13. And another counter-example!!! Assume that F “ P, and take199

R “ X ˆ Xztp1, 3q, p3, 1qu, and X “ t1, 2, 3u. α is defined as below:200

αpxq “

$

’

&

’

%

t1, 2u x “ 1

t2, 3u x “ 2

t3u x “ 3

And σ1 is defined as below:201

σ1pwq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2qu w “ p1, 2q

tp2, 1q, p3, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w P tp2, 2q, p3, 2qu

tp2, 3q, p3, 3qu w “ p2, 3q

tp3, 3qu w “ p3, 3q

202

pPp1q: ¨ σ1pwq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w P tp2, 2q, p3, 2qu

t2, 3u w “ p2, 3q

t3u w “ p3, 3q

pPp2q: ¨ σ1pwq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

t2u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w P tp2, 2q, p3, 2qu

t3u w “ p2, 3q

t3u w “ p3, 3q

203

σ1
1pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2q, p2, 3qu w “ p1, 2q

tp2, 1q, p2, 2q, p3, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp2, 2q, p3, 3q, p3, 2qu w “ p3, 2q

tp2, 3q, p2, 2q, p3, 3qu w “ p2, 3q

tp3, 3qu w “ p3, 3q

204

pPp1q: ¨ σ1
1pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p3, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 3q

pPp2q: ¨ σ1
1pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2, 3u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p3, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 3q
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σ1
1 is not a simulation!205

σ2
1pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2qu w “ p1, 2q

tp2, 1qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp3, 3qu w “ p3, 2q

tp3, 3qu w “ p2, 3q

tp3, 3qu w “ p3, 3q

σ1 ⊑ σ1
1

σ3 ⊑ σ1
1

β “ σ1
1

206

pPsq: ¨ σ1 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 3qu w “ p1, 2q

tp2, 1q, p2, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp3, 2q, p3, 3qu w “ p3, 2q

tp2, 2q, p3, 3qu w “ p2, 3q

tp3, 3qu w “ p3, 3q

207

pPp1q: ¨ pPsq: ¨ σ1 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t3u w “ p3, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 3q

pPp2q: ¨ pPsq: ¨ σ1 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2, 3u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p3, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 3q

In this scenario, σ1 is a simulation, but it is not a bisimulation. σ1
1, σ2

1 and208

pPsq: ¨σ1 ¨s are neither. We can not make σ1 bigger here to make it a bisimulation209

as α ¨ p1p3, 2q “ t3u Ĺ t2, 3u “ pPp1q: ¨ σ1p3, 2q.210

The following is also a simulation and not a bisimulation:211

σ2pwq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2qu w “ p1, 2q

tp2, 1q, p3, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp2, 3q, p3, 3qu w “ p2, 3q

tp3, 3qu w P tp3, 2q, p3, 3qu
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212

pPp1q: ¨ σ2pwq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p2, 3q

t3u w P tp3, 2q, p3, 3qu

pPp2q: ¨ σ2pwq “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

t2u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t3u w “ p2, 3q

t3u w P tp3, 2q, p3, 3q
213

σ1
2pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2q, p2, 3qu w “ p1, 2q

tp2, 1q, p2, 2q, p3, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp3, 3q, p3, 2qu w “ p3, 2q

tp2, 3q, p3, 3qu w “ p2, 3q

tp3, 3qu w “ p3, 3q
214

pPp1q: ¨ σ1
2pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t3u w “ p3, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 3q

pPp2q: ¨ σ1
2pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2, 3u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p3, 2q

t3u w “ p2, 3q

t3u w “ p3, 3q
215

pPsq: ¨ σ2 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 3qu w “ p1, 2q

tp2, 1q, p2, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp3, 3q, p3, 2qu w “ p3, 2q

tp3, 3qu w “ p2, 3q

tp3, 3qu w “ p3, 3q
216

pPp1q: ¨ pPsq: ¨ σ2 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t3u w “ p3, 2q

t2u w “ p2, 3q

t3u w “ p3, 3q

pPp2q: ¨ pPsq: ¨ σ2 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2, 3u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p3, 2q

t3u w “ p2, 3q

t3u w “ p3, 3q
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σ2 is a simulation, σ1
2 is a bisimulation, and pPsq: ¨σ2 ¨s is neither. The following217

is both a simulation and a bisimulation:218

σ3pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2q, p2, 3qu w “ p1, 2q

tp2, 1q, p2, 2q, p3, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp2, 3q, p3, 3qu w “ p2, 3q

tp3, 2q, p3, 3qu w “ p3, 2q

tp3, 3qu w “ p3, 3q

219

pPp1q: ¨ σ3pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 2q

t3u w “ p3, 3q

pPp2q: ¨ σ3pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2, 3u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t3u w “ p2, 3q

t2, 3u w “ p3, 2q

t3u w “ p3, 3q

The following is also a simulation and not a bisimulation:220

σ4pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2q, p3, 2q, p2, 3q, p3, 3qu w “ p1, 2q

tp1, 1q, p2, 1q, p1, 2q, p2, 2q, p3, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp2, 3q, p3, 3qu w “ p2, 3q

tp1, 2q, p2, 2q, p3, 2q, p2, 3q, p3, 3qu w “ p3, 2q

tp3, 3qu w “ p3, 3q

221

pPp1q: ¨ σ4pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2, 3u w “ p1, 2q

t1, 2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p2, 3q

t1, 2, 3u w “ p3, 2q

t3u w “ p3, 3q

pPp2q: ¨ σ4pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2, 3u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t3u w “ p2, 3q

t2, 3u w “ p3, 2q

t3u w “ p3, 3q
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222

σ2
4pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2q, p2, 3qu w “ p1, 2q

tp2, 1q, p2, 2q, p3, 2qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp2, 3q, p3, 3qu w “ p2, 3q

tp3, 2q, p3, 3qu w “ p3, 2q

tp3, 3qu w “ p3, 3q

223

pPp1q: ¨ σ2
4pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 2q

t3u w “ p3, 3q

pPp2q: ¨ σ2
4pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2, 3u w “ p1, 2q

t1, 2u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t3u w “ p2, 3q

t2, 3u w “ p3, 2q

t3u w “ p3, 3q

224

pPsq: ¨ σ4 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 1q, p1, 2q, p2, 1q, p2, 2q, p2, 3qu w “ p1, 2q

tp2, 1q, p2, 2q, p2, 3q, p3, 2q, p3, 3qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 3qu w “ p2, 2q

tp2, 1q, p2, 2q, p2, 3q, p3, 2q, p3, 3qu w “ p2, 3q

tp3, 2q, p3, 3qu w “ p3, 2q

tp3, 3qu w “ p3, 3q

225

pPp1q: ¨ pPsq: ¨ σ4 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 2q

t3u w “ p3, 3q

pPp2q: ¨ pPsq: ¨ σ4 ¨ spwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2, 3u w “ p1, 2q

t1, 2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t1, 2, 3u w “ p2, 3q

t2, 3u w “ p3, 2q

t3u w “ p3, 3q

σ4 is a simulation, σ2
4 is a bisimulation, and pPsq: ¨ σ4 ¨ s is neither.226
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The following is also a simulation and not a bisimulation:227

σ5pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2qu w “ p1, 2q

tp2, 2q, p3, 2qu w “ p2, 1q

tp1, 1q, p2, 1qu w “ p1, 1q

tp2, 2q, p3, 2qu w “ p2, 2q

tp2, 3q, p3, 3qu w “ p2, 3q

tp3, 3qu w “ p3, 2q

tp3, 3qu w “ p3, 3q

228

pPp1q: ¨ σ5pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 2q

t3u w “ p3, 3q

pPp2q: ¨ σ5pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2u w “ p1, 2q

t2u w “ p2, 1q

t1u w “ p1, 1q

t2u w “ p2, 2q

t3u w “ p2, 3q

t3u w “ p3, 2q

t3u w “ p3, 3q

The following is also a simulation and not a bisimulation:229

σ6pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

tp1, 2q, p2, 2qu w “ p1, 2q

tp2, 1q, p3, 1qu w “ p2, 1q

tp1, 2q, p2, 1qu w “ p1, 1q

tp2, 3q, p3, 3qu w “ p2, 2q

tp2, 3q, p3, 3qu w “ p2, 3q

tp3, 2qu w “ p3, 2q

tp3, 3qu w “ p3, 3q

230

pPp1q: ¨ σ6pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t1, 2u w “ p1, 2q

t2, 3u w “ p2, 1q

t1, 2u w “ p1, 1q

t2, 3u w “ p2, 2q

t2, 3u w “ p2, 3q

t3u w “ p3, 2q

t3u w “ p3, 3q

pPp2q: ¨ σ6pwq “

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

t2u w “ p1, 2q

t1u w “ p2, 1q

t2u w “ p1, 1q

t3u w “ p2, 2q

t3u w “ p2, 3q

t2u w “ p3, 2q

t3u w “ p3, 3q

231

σ1
2 “ σ1

5 “ σ1
6 “ σ3 “ σ2

4

If we define ⊑ on simulations as232

σ1 ⊑ σ2 ðñ @x1, x2 P X, pPpiq
: ¨ σ1px1, x2q Ď pPpiq

: ¨ σ2px1, x2q

233
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Lemma 2.14. pHompR, pPRq:q,⊑q is a poset.234

Proof. Reflexivity and transitivity are obvious. We need to prove anti-symmetry.235

TODO: Finish!236

Then we have237

σ6 σ1

σ5 σ2 σ3 σ4

⊑ ⊑

⊑
⊑
⊑ ⊑

We recall that in the above diagram σ3 is a bisimulation, and the rest are simu-238

lations.239
{def:join-meet}

Definition 2.15. We define \ and [ on morphisms as follows:240

@x1, x2 P X,

σ1 \ σ2px1, x2q “ σ1px1, x2q Y σ2px1, x2q,

σ1 [ σ2px1, x2q “ pPp1q: ¨ σ1px1, x2q X pPp1q: ¨ σ2px1, x2q ˆ pPp2q: ¨ σ1px1, x2q X pPp2q: ¨ σ2px1, x2q.
{lem:proj-dist-set}

Lemma 2.16. For relations R1 and R2 the following equation holds:241

pPpiqpR1 Y R2q “ pPpiqpR1q Y pPpiqpR2q

Proof. We prove the lemma for the case that i “ 1. The proof is the same for242

i “ 2. Assuming x1 P pPp1q:pR1 Y R2q then exists x2 that px1, x2q P R1 Y R2,243

thus either px1, x2q P R1 or px1, x2q P R2, so we have x1 P pPp1q:pR1q or244

x1 P pPp1q:pR2q, respectively. So, we have x1 P pPp1q:pR1q Y pPp1q:pR2q.245

Now, assuming that x1 P pPp1q:pR1q Y pPp1q:pR2q either x1 P pPp1q:pR1q246

or x1 P pPp1q:pR2q. Without loss of generality, we can assume x1 P pPp1q:pRjq,247

where j P t1, 2u. Then there exists x2 that px1, x2q P Rj , then we have px1, x2q P248

R1 Y R2 that gives x1 P pPp1q:pR1 Y R2q.249

Lemma 2.17. Assuming that σ1 and σ2 are simulation structures of type R Ñ250

pPRq:, then σ1 \σ2 and σ1 [σ2 are also simulation structures of the same type.251

Proof. Since σ1 and σ2 are simulation structures, for every px1, x2q P R, for252

i P t1, 2u we have:253

αpx1q Ď pPp1q: ¨ σipx1, x2q, (6)

pPp2q: ¨ σipx1, x2q Ď αpx2q. (7)

First, we prove the case for \. Since αpx1q Ď pPp1q: ¨ σipx1, x2q we have the254

following:255

αpx1q Ď pPp1q: ¨ σ1px1, x2q Y pPp1q: ¨ σ2px1, x2q

So, by Lemma 2.16 we have αpx1q Ď pPp1q:pσ1px1, x2q Y σ2px1, x2qq. Similarly,256

we have pPp2q: ¨ σipx1, x2q Ď αpx2q that gives the following:257

pPp2q: ¨ σ1px1, x2q Y pPp2q: ¨ σ2px1, x2q Ď αpx2q
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So, by Lemma 2.16 we have pPp2q:pσ1px1, x2q Y σ2px1, x2qq Ď αpx2q.258

Now, we prove the case for [. For [ unlike \ we need to prove that σ1 [259

σ2px1, x2q P pPRq:. To achieve this, we need to show that assuming π1, π2 are260

projections of σ1 [σ2px1, x2q, then for j P t1, 2u we have πj ¨ pσ1 [σ2qpx1, x2q Ď261

PpjpRq. Since pPpjq: ¨ σipx1, x2q Ď PpjpRq, we have πj ¨ pσ1 [ σ2qpx1, x2q Ď262

PpjpRq, so we have σ1[σ2px1, x2q P pPRq:, meaning that πj ¨pσ1[σ2qpx1, x2q “263

pPpjq: ¨ pσ1 [ σ2qpx1, x2q.1264

For j P t1, 2u we have265

pPpjq: ¨ pσ1 [ σ2px1, x2qq “ pPpjq: ¨ σ1px1, x2q X pPpjq: ¨ σ2px1, x2q. (8){eq:proj-meet}{eq:proj-meet}

Since αpx1q Ď pPp1q: ¨ σipx1, x2q, we have266

αpx1q Ď pPp1q: ¨ σ1px1, x2q X pPp1q: ¨ σ2px1, x2q,

so by (8) we have αpx1q Ď pPp1q: ¨ pσ1 [ σ2px1, x2qq. Similarly, since pPp2q: ¨267

σipx1, x2q Ď αpx2q, we have268

pPp2q: ¨ σ1px1, x2q X pPp2q: ¨ σ2px1, x2q Ď αpx2q,

so by (8) we have pPp2q: ¨ pσ1 [ σ2px1, x2qq Ď αpx2q. [\

{lem:sim-opsim-inc}
Lemma 2.18. Assuming that σ : R Ñ pPRq: is a simulation structure, and R269

is symmetric, then for all px1, x2q P R we have:270

1. pPp1q: ¨ pPsq: ¨ σ ¨ spx1, x2q Ď pPp1q: ¨ σpx1, x2q271

2. pPp2q: ¨ σpx1, x2q Ď pPp2q: ¨ pPsq: ¨ σ ¨ spx1, x2q272

Proof. We prove the second clause. By (4) for every px1, x2q P R we have273

αpx1q Ď pPp1q: ¨ σpx1, x2q,

pPp2q: ¨ σpx1, x2q Ď αpx2q.

From αpx1q Ď pPp1q: ¨ σpx1, x2q since R is symmetric we get αpx2q Ď pPp1q: ¨274

σpx2, x1q, where275

pPp1q: ¨ σpx2, x1q “ pPp2q: ¨ pPsq: ¨ σ ¨ spx1, x2q.

So, from pPp2q: ¨ σpx1, x2q Ď αpx2q we have pPp2q: ¨ σpx1, x2q Ď pPp2q: ¨ pPsq: ¨

σ ¨ spx1, x2q. Similarly, we can get the other inequation. [\

{lem:sim-bisim-inc}
Lemma 2.19. Assuming that σ : R Ñ pPRq: is a simulation structure, and276

β : R Ñ pPRq: is a bisimulation structure,277

1 PP Note: The last part of the proof is necessary because the type of the codomain
of the definition of [ is not pPRq

:, but it is PX ˆ PX. Perhaps the epi-mono
factorization must be used to cope with this in the abstract case.
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1. if σ ⊑ β then we have:278

αpx1q “ pPp1q: ¨ σpx1, x2q,

and if R is symmetric we have279

pPp2q: ¨ pPsq: ¨ σ ¨ spx1, x2q “ αpx2q.

2. if β ⊑ σ then we have:280

pPp2q: ¨ σpx1, x2q “ αpx2q

and if R is symmetric we have281

αpx1q “ pPp1q: ¨ pPsq: ¨ σ ¨ spx1, x2q.

Proof. 1. Since σ is a simulation structure for an arbitrary px1, x2q P R we282

have αpx1q Ď pPp1q: ¨ σpx1, x2q. Since σ ⊑ β we have pPp1q ¨ σpx1, x2q Ď283

pPp1q¨βpx1, x2q, while pPp1q¨βpx1, x2q “ αpx1q by definition of bisimulation.284

So we have αpx1q “ pPp1q: ¨ σpx1, x2q. Then because of the symmetry of R285

the second clause is easily achievable by using the equations in (5).286

2. This clause can be proven similar to (1).287

[\

Proposition 2.20. Assuming that σ : R Ñ pPRq: is a simulation structure,288

and β : R Ñ pPRq: is a bisimulation structure,289

1. if σ ⊑ β then we have:290

β “ σ \ ppPsq: ¨ σ ¨ sq

2. if β ⊑ σ then we have:291

β “ σ [ ppPsq: ¨ σ ¨ sq

Proof. 1. We need to prove that σ \ ppPsq: ¨ σ ¨ sq is the bisimulation structure.292

By Lemma 2.18.(1), for every px1, x2q P R, we have pPp1q: ¨ pPsq: ¨σ ¨spx1, x2q Ď293

pPp1q: ¨ σpx1, x2q, and by Lemma 2.19.(1), we have pPp1q: ¨ σpx1, x2q “ αpx1q.294

So, we have pPp1q: ¨σ\pPp1q: ¨ pPsq: ¨σ ¨spx1, x2q “ αpx1q, then by Lemma 2.16295

we have pPp1q: ¨ pσ \ ppPsq: ¨ σ ¨ sqqpx1, x2q “ αpx1q.296

Also, by Lemma 2.19.(1) we have pPp2q: ¨ pPsq: ¨ σpx1, x2q “ αpx2q. So,297

since we already have pPp2q: ¨ σpx1, x2q Ď αpx2q then by Lemma 2.16 we have298

pPp2q: ¨ pσ \ ppPsq: ¨ σ ¨ sqqpx1, x2q “ αpx2q.299

2. We need to prove that σ [ ppPsq: ¨ σ ¨ sq is the bisimulation structure. For300

i P t1, 2u, for every px1, x2q P R, we have:301

pPpiq
:

¨ pσ [ ppPsq
:

¨ σ ¨ sqqpx1, x2q

“ pPpiq
:

¨ pppPp1q
:

¨ σpx1, x2q X pPp1q
:

¨ ppPsq
:

¨ σ ¨ sqpx1, x2qq ˆ ppPp2q
:

¨ σpx1, x2q X pPp2q
:

¨ ppPsq
:

¨ σ ¨ sqpx1, x2qqq

“ pPpiq
:

¨ σpx1, x2q X pPpiq
:

¨ ppPsq
:

¨ σ ¨ sqpx1, x2q
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By Lemma 2.18.(1), pPp1q: ¨ ppPsq: ¨ σ ¨ sqpx1, x2q Ď pPp1q: ¨ σpx1, x2q, and302

by Lemma 2.19.(2) we have pPp1q: ¨ ppPsq: ¨ σ ¨ sqpx1, x2q “ αpx1q, so we have303

pPp1q: ¨ pσ [ ppPsq: ¨ σ ¨ sqqpx1, x2q “ αpx1q.304

Also, by Lemma 2.19.(2) we have pPp2q: ¨ σpx1, x2q “ αpx2q, so, since
by Lemma 2.18.(2), we have pPp2q: ¨ σpx1, x2q Ď pPp2q: ¨ pPsq: ¨ σ ¨ spx1, x2q, so
we have pPp2q: ¨ pσ [ ppPsq: ¨ σ ¨ sqpx1, x2qq “ αpx2q. [\

Corollary 2.21. Assuming that R is a symmetric relation, and S ‰ ∅ is the305

set of all simulation structures of the type R Ñ pPRq:, then if the bisimulation306

morphism exists, it is equal with the following morphism:307

p
ğ

σPS

σq [ pPsq: ¨ p
ğ

σPS

σq ¨ s

Lemma 2.22. For every S P PR,308

ppPp1qpSq, pPp2qpSqq P pPRq: ô pPp1qpSq Ď pPp1qpRq, pPp2qpSq Ď pPp2qpRq

{lem:alph-prod}
Lemma 2.23. Assuming that R is a symmetric relation, and S ‰ ∅ is the set309

of all simulation structures of the type R Ñ pPRq:, then there there exists a310

simulation structure σ P S that for every px1, x2q, pPp1q: ¨ σpx1, x2q “ αpx1q.311

Proof. Since S ‰ ∅ there exists δ P S. We define σ for every px1, x2q as the312

following:313

σpx1, x2q “ pαpx1q, pPp2q: ¨ δpx1, x2qq

We have σpx1, x2q P pPRq:, as αpx1q Ď Pp1pRq and pPp2q: ¨ δpx1, x2q Ď Pp2pRq314

are inherited from δ being a simulation structure. Also, it obviously is a315

simulation as pPp1q: ¨ σpx1, x2q “ αpx1q and pPp2q: ¨ σpx1, x2q Ď αpx2q as316

pPp2q: ¨ δpx1, x2q Ď αpx2q.317

{prop:sym-rel-bisim}
Proposition 2.24. Assuming that R is a symmetric relation, and S ‰ ∅ is318

the set of all simulation structures of the type R Ñ pPRq:, then the following319

morphism is the bisimulation structure:320

p
ę

σPS

σq \ pPsq: ¨ p
ę

σPS

σq ¨ s

Proof. For every px1, x2q P R we have321

pPp1q: ¨ pp
ę

σPS

σq \ pPsq: ¨ p
ę

σPS

σq ¨ sqpx1, x2q “ pPp1q: ¨ p
ę

σPS

σqpx1, x2q,

and322

pPp2q: ¨ pp
ę

σPS

σq \ pPsq: ¨ p
ę

σPS

σq ¨ sqpx1, x2q “ pPp2q: ¨ ppPsq: ¨ p
ę

σPS

σq ¨ sqpx1, x2q.

By Lemma 2.23 there exists a simulation δ P S for which we have pPp1q: ¨

δpx1, x2q “ αpx1q. So, pPp1q: ¨ p
Ű

σPS σqpx1, x2q “ αpx1q. Then by the equations
in (5) we also get pPp2q: ¨ ppPsq: ¨ p

Ű

σPS σq ¨ sqpx1, x2q “ αpx2q. [\
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3 Symmetric Simulation in Quantaloids323

We generalize Proposition 2.24 in regular quantaloids. A quantaloid is a category324

enriched with suplattices. Abstractly, first we define an operation that we need325

on morphisms that takes two simulation witnesses of type R Ñ pFRq: to a326

morphism of type R Ñ FX ˆ FX:327

σ1 [b σ2 “ pFp1q: ¨ σ1 [ pFp1q: ¨ σ2 ˆ pFp2q: ¨ σ1 [ pFp2q: ¨ σ2

328
{lem:alph-prod-abs}

Lemma 3.1. Assuming that R is a symmetric relation, and S ‰ ∅ is the set of329

all simulation witnesses of the type R Ñ pFRq:, then there exists a simulation330

witness σ P S that, pFp1q: ¨ σ “ α ¨ p1.331

Proof. Since S ‰ ∅ there exists δ P S. We define σ as the following:332

σ “ ⟨pα ¨ p1q, pFp2q: ¨ δ⟩

We have pFp1q: ¨ σ.333

4 Relators334

4.1 Two-way similarity in Hughes-Jacobs335

Hughes and Jacobs define two-way similarity as ď X ďop. They give a sufficient336

condition for the two-way similarity to be the bisimilarity. We discuss that this337

condition does not allow us to say that a symmetric simularity is a bisimilarity.338

The condition is:339

⊑; pFR1q:;⊑ X ⊑op; pFR2q:;⊑op Ď pF pR1 X R2qq:

We need the case that R1 “ R2, and we refer to it with R. So, we need to have340

⊑; pFRq:;⊑ X ⊑op; pFRq:;⊑op Ď pFRq:.

Assuming px1, x2q P ⊑; pFRq:;⊑ X ⊑op; pFRq:;⊑op means that there341

exist pu, vq, pu1, v1q P pFRq:, such that x1 ⊑ u, u1 ⊑ x1, v ⊑ x2, and x2 ⊑ v1.342

We can also use the symmetry of R, and then from px1, x2q P R derive that343

there exist pw, zq, pw1, z1q such that x1 ⊑ z, z1 ⊑ x1, w ⊑ x2, and x2 ⊑ w1. The344

situation can be illustrated as the following:345

u1 u v v1

x1 x2

z1 z w w1

⊑ ⊑⊑

⊑

⊑

⊑⊑ ⊑

But then how can we derive px1, x2q P pFRq:?346

TODO: Investigate more! Can it be doable really?!347
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4.2 Uniqueness of the witness in Hughes-Jacobs definition348

In this section we set Rel to be the category that has sets as objects and binary349

relations as morphisms. We answer the question that why there can be multiple350

simulation witnesses based on Definition 2.8, while for the same relation, there351

is only one witness according to Hughes-Jacobs simulation.352

Definition 4.1 (Hughes-Jacobs Simulation). For a functor F , and a poset353

⊑ over F a HuJ-simulation is a relation r for which there exists a morphism354

σ : r Ñ pFrq: called witness such that the following diagram commutes (; is the355

relation composition):356

X R Y

FX ⊑; pFRq:;⊑ FY

α

p1 p2

σ β

Fp1⊑ Fp2⊑

At the moment we have limited the discussion to the category of sets and we are357

talking about the powerset functor. We know that σ is unique in the following358

diagram:359

X R Y

PX Ď; pPRq:;Ď PY

α

p1 p2

σ β

Pp1Ď Pp2Ď

It is defined as σpx1, x2q “ pαpx1q, βpx2qq. But σ1 in the following diagram is not360

unique:361

X R Y

PX pPRq: PY

α Ď

p1 p2

σ1 βĎ

Pp:
1 Pp:

2

Because assuming we have σ, for every given σ1 we can define a δ : pPRq: ÑĎ362

; pPRq:;Ď that σ “ δ ¨ σ1, i.e., the following diagram commutes:363

X R Y

PX pPRq: PY

PX Ď; pPRq:;Ď PY

α

p1 p2

σ1 β

id δ id

Pp1Ď Pp2Ď

To define δ, we define c : pPR:q Ñ ppPR:q ˆ Rq ` pPRq: and u : ppPR:q ˆ Rq `364

pPRq: ÑĎ; pPRq:;Ď and then we define δ “ u ¨ c. Here are the definitions for c365
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and u:366

cpwq “

#

inlpw, px1, x2qq Dx1, x2, σ
1px1, x2q “ w

inrw o.w

upinlw, px1, x2qq “ pαpx1q, αpx2qq

upinrwq “ w

4.3 Symmetric simulation367

Notation 4.2. From now on, we show relations with small letters, and for two368

relations r1 and r2 by r1 ď r2 we mean r1 Ď r2. Also, we show the category of369

relations over set that we represent by spans with Span, and Rel is the category370

of sets and binary relations between them.371

{lem:rel-span-equiv}
Lemma 4.3. r : X Y is a morphism in Rel iff there is an object pr, p1, p2q372

in Span.373

Proof. (ñ): r : X Y being a morphism in Rel means that in Set there exist374

an object r with a unique mono of type r Ñ X ˆ Y that is a pairing that we375

show with ⟨p1, p2⟩. So, pr, p1, p2q form an object in Span.376

(ð): If pr, p1, p2q is an object in Span, then r is a binary relation from X to
Y so, it is a morphism of type X Y in Rel. [\

The above translation seems to be true in a more general case, where Span and377

Rel are defined on an arbitrary category (the latter is called an allegory then).378

Definition 4.4 (Relator). Assuming F is a functor on Set, a F -relator or379

simply a relator R is a monotone map that sends a morphism of Rel that is a380

relation X Y to FX FY .381

Definition 4.5 (Hermida-Jacobs Simulation). For a relator R on a functor {def:hej-sim}382

F a HJ-simulation from a coalgebra α : X Ñ FX to a coalgebra β : Y Ñ FY is383

a relation r for which there exists a morphism σ : r Ñ Rr called witness such384

that the following diagram commutes (; is the relation composition):385

X r Y

FX Rr FY

α

p1 p2

σ β

pFp1q
R

pFp2q
R

(9) {eq:hej-sim}{eq:hej-sim}

Definition 4.6 (Relator-based Simulation). Given a relator R, a relation386

r : X Y is a R-simulation from a coalgebra α : X Ñ FX to a coalgebra387

β : Y Ñ FY if r ď α;Rr;βop, i.e, if px, yq P r entails pαpxq, βpyqq P Rr, for all388

x P X and y P Y .389

Definition 4.7 (Symmetric Relator). A relator R is symmetric if and only390

if for every relation r we have Rpropq “ pRrqop.391
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Definition 4.8 (Relator-based Bisimulation). Given a relator R, a relation392

r : X Y is a R-bisimulation from a coalgebra α : X Ñ FX to a coalgebra393

β : Y Ñ FY if r is a R-simulation, and R is a symmetric relator.394

Notation 4.9. From now on we refer to relator-based simulations of a relator395

R with R-simulation. If we talk about a HJ-simulation we specify the witness.396

{lem:sim-simp}
Lemma 4.10. r being a R-simulation means that assuming x r y we have397

αpxq Rr βpyq.398

Proof. r being a R-simulation means r ď βop ¨ Rr ¨ α, meaning that if x r y
then x α;Rr;βop y, and it means that there exist w P Rr that its first element
is equal with αpxq and its second element is equal with βpyq, enabling us to say
αpxq Rr βpyq. [\

Proposition 4.11. For a relator R of a functor F , a relation r is a R-399

simulation from α : X Ñ FX to β : Y Ñ FY iff it is a HJ-simulation with400

the witness σ : r Ñ Rr.401

Proof. (ñ): r being a R-simulation means that x r y gives αpxq Rr βpyq.402

Since r and Rr are both relations, by Lemma 4.3 there exist objects pr, p1, p2q403

and pRr, pFp1qR, pFp2qRq in Span. We define σ : r Ñ Rr to be σpx, yq “404

pαpxq, βpyqq. σ commutes in (9), so we have a HJ-simulation.405

(ð): Assuming we have a σ that commutes in (9), we want to prove that if
x r y we have αpxq Rr βpyq. By (9) we have α ¨ p1 “ pFp1qR ¨ σ and α ¨ p2 “

pFp2qR ¨ σ. It means that since x r y then exists w P Rr, such that σpx, yq “ w,
where pFp1qRpwq “ αpxq and pFp2qRpwq “ βpyq. So, we have αpxq Rr βpyq. [\

Proposition 4.12. For an arbitrary relator R on a functor F , if a relation r406

is a HJ-simulation, the witness is unique.407

Proof. It only relies on the fact that pFp1q
R and pFp2q

R in (4.5) are jointly
monic. [\

Definition 4.13. We call R̂ a symmetrization of a relator R iff for a relation r408

it is defined as follows:409

R̂r “ Rr X pRpropqqop

Proposition 4.14. For every relator R, R̂ is a relator.410

Proof. Almost obvious! [\

Proposition 4.15. Assuming that R is a relator, and r and rop are both R-411

simulations from a coalgebra α : X Ñ FX to a coalgebra β : Y Ñ FY and412

vice-versa respectively, then r is also a R̂-simulation.413

Proof. We need to prove that x r y gives αpxq R̂r βpyq. r being a R-simulation
means that assuming x r y we have αpxq Rr βpyq. So, we are left to prove
αpxq pRpropqqop βpyq. x r y gives y rop x, and rop being a R-simulation from β
to α gives βpyq Rrop αpxq. So, we have αpxq pRpropqqop βpyq. [\
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Corollary 4.16. Assuming that R is a relator, and r is a symmetric R-414

simulation from a coalgebra α : X Ñ FX to itself, then r is also a R̂-simulation.415

Remark 4.17. If we want to have the previous corollary for two different coal-416

gebras α : X Ñ FX and β : X Ñ FX, we need to assume that rop is also a417

R-simulation from β to α.418

Proposition 4.18. R̂ is a symmetric relator, i.e., every R̂-simulation is actu-419

ally a R̂-bisimulation.420

Proof.

R̂propq

“ Rpropq X pRpropqopqop

“ Rpropq X pRrqop

“ pRrqop X Rpropq

“ pppRrqop X Rpropqqopqop

“ pRr X pRpropqqopqop

“ pR̂rqop

[\

Proposition 4.19. Assuming that R is a symmetric relator, and r is a R-421

simulation from a coalgebra pX,αq to itself, then rops is a R-simulation as well.422

Proof. It is easy to directly show that rop is a R-simulation. [\

Corollary 4.20. Assuming that R is a symmetric relator, then the R-423

simularity from a coalgebra pX,αq to itself is a symmetric relation.424

Proposition 4.21. Assuming that R is a symmetric relator, then for every r425

that is a R-simulation, rop is also a R-simulation.426

Proof. Assuming y ropx we have x r y. Since r is R-simulation we have
αpxq Rr βpyq. So, we have βpyq pRrqop αpxq, and since R is symmetric we
have βpyq Rrop αpxq. [\

Definition 4.22 (Behavioural Equivalence). Two states x and y of two coal-427

gebras pX,αq and pY, βq are behaviourally equivalent iff there exist a coalgebra428

pZ, γq and coalgebra morphisms f : pX,αq Ñ pZ, γq and g : pY, βq Ñ pZ, γq such429

that fpxq “ gpyq. The relation r consisting of all behaviourally equivalent states430

of these two coalgebras is called behavioural equivalence.431

Definition 4.23 (Difunctional Relation). A relation r : X Y is difunc-432

tional iff there are functions f : X Ñ Z and g : Y Ñ Z such that for every433

px, yq P R we have fpxq “ gpyq.434
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Definition 4.24 (Soundness and Completeness of R-similarity). For a435

relator R the R-similarity from a coalgebra pX,αq to a coalgebra pY, βq is sound436

iff it is less than or equal to their behavioural equivalence, and it is complete iff437

it is greater than or equal to their behavioural equivalence.438

Theorem 4.25. Let R be a relator for a functor F :439

1. If for all functions f : X Ñ A and g : Y Ñ A, Rpgop ¨ fq ě pFgqop ¨Ff , then440

R-similarity is complete.441

2. If R preserves difunctional relations and for every epi-cospan pf : X Ñ442

A, g : Y Ñ Aq P Set, Rpgop ¨ fq ď pFgqop ¨ Ff , then R-similarity is sound.443

[\
{prop:difunc-preser}

Proposition 4.26. Assuming that R is a F -relator that preserves difunctional444

relations, then R̂ does the same.445

Proof. Assuming r is difunctional, then there exist f1, f2 : FX Ñ FZ and
g1, g2 : FY Ñ FZ such that p Rr q iff f1ppq “ g1pqq and q Rrop p iff
f2ppq “ g2pqq. By the definition of R̂ we have p R̂r q iff p Rr q and p pRropqop q
that is equivalent to say that ⟨f1, f2⟩ppq “ ⟨g1, g2⟩pqq. [\

Corollary 4.27. Assuming that R is a F -relator that preserves difunctional446

relations, for every symmetric relation r we have R̂r “ Rr.447

Proof. R-similarity being symmetric means that for the f1, f2, g1 and g2 in the
proof of Proposition 4.26, we have f1 “ f2 and g1 “ g2. [\

Assuming that R-similarity is complete, does not guarantee that R̂-similarity448

is sound and complete. We give a counter-example. Assuming that R is a P-449

relator that takes r : X Y to PX ˆ PY , then R̂r “ PX ˆ PY as well. It450

means that for every coalgebras pX,αq, pY, βq, R̂-similarity is equal to X ˆ Y ,451

which is rare to be equal to behavioural equivalence. For example, if we take452

X “ tx1, x2u and Y “ ty1, y2, y3u, and we define α and β as453

αpxq “

#

tx1, x2u x “ x1

tx2u x “ x2

and454

βpyq “

$

’

&

’

%

ty3u y “ y1

Y y “ y2

∅ y “ y3

then at least px1, y3q is not in the behavioural equivalence, while it is in R̂-455

similarity.456

Proposition 4.28. Assuming that R-similarity is symmetric and complete,457

then R̂-similarity from a coalgebra α : X Ñ FX to itself is sound and complete.458
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Proof. (Completeness): We show R-similarity with rs and R̂-similarity with rŝ.459

Also, we show the behabioural equivalence with rb. Since460

Proposition 4.29. Assuming that R is a F -relator (F is a set functor), that461

for every functions f : X Ñ Z and g : Y Ñ Z, we have Rpgop ¨ fq ě pFgqop ¨Ff ,462

then R̂-similarity is complete.463

Proof. We need to prove that for every functions f : X Ñ Z and g : Y Ñ Z we
have R̂pgop ¨fq ě pFgqop ¨Ff . By the assumption we have Rpgop ¨fq ě pFgqop ¨Ff .
Also, again from the assumption we have Rpfop ¨ gq ě pFfqop ¨ Fg that gives
pRpfop ¨ gqqop ě pFgqop ¨ Ff . So, we have R̂pgop ¨ fq ě F pgqop ¨ Ff . [\

Proposition 4.30. Assuming that R is a symmetric relator for a functor464

F : Set Ñ Set, then the R-bisimilarity from a coalgebra α : X Ñ FX to it-465

self is sound, using the axiom of choice.466

Proof. We call the bisimilarity relation r, and we assume x1 r x2, now we need467

to prove that x1 and x2 are behaviourally equivalent. We take Z “ X{r, where468

X{r “ trxs | rxs “ ty | x r yuu. Now, we define the coalgebra homomorphism469

f : X Ñ X{r as fpxq “ rxs. So, assuming x1 r x2 gives fpx1q “ fpx2q. Now,470

assuming that exists a choice function c : X{r Ñ X that c ¨ f “ idX , we define471

γ : X{r Ñ F pX{rq, as γprxsq “ Ff ¨ α ¨ cprxsq. Now, we have472

γ ¨ f

“ Ff ¨ α ¨ c ¨ f

“ Ff ¨ α.

So, x1 and x2 are behaviourally equivalent. So, the R-bisimilarity is sound. [\

Corollary 4.31. Assuming that a relator R over a functor F : Set Ñ Set satis-473

fies Rpgop ¨ fq ě pFgqop ¨Ff for every functions f : X Ñ Z and g : Y Ñ Z, then474

R̂-bisimilarity from a coalgebra α : X Ñ FX to itself is sound and complete,475

using the axiom of choice.476

4.4 Egli-Milner relator and Barr relators477

Definition 4.32. We call the map L : Rel Ñ Rel the Egli-Milner P-relator,478

whenever for every relation r : X Y it is defined as follows:479

Lr “ tpS, T q | x P S ñ Dy P T, x r yu

Egli-Milner relator is not sound or complete, although its symmetrization is480

sound and complete.481

Proposition 4.33. L̂-similarity from a coalgebra pα,Xq to pβ, Y q is sound and482

complete.483
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Proof. We need to prove that for every functions f : X Ñ Z and g : Y Ñ Z,484

L̂pgop¨fq “ pPgqop¨Pf . We have S L̂pgop¨fq T iff S Lpgop¨fq T and T Lpfop¨gq S.485

Then we have486

S Lpgop ¨ fq T

ðñ @x P S, Dy P T, x gop ¨ f y

ðñ @x P S, Dy P T, z P Z, x f z , y g z,

and487

T Lpfop ¨ gq S

ðñ @y P T, Dx P S, y fop ¨ g x

ðñ @y P T, Dx P S, z P Z, x f z , y g z.

It is equivalent with the following:488

@x P S, Dy P T, fpxq “ gpyq,

@y P T, Dx P S, fpxq “ gpyq.

Equivalently, Impf |Sq “ Impg |T q, and we call images U that is in PZ. So, we489

equivalently have490

S Pf U, T Pg U

ðñ S Pf U, U pPgqop T

ðñ S pPgqop ¨ Pf T

[\

For every relation r X Ñ Y Lr “Ď Lr “ Lr Ď“Ď;Lr;Ď.491

Barr relator is a generalization of the Egli-Milner relator, where the functor492

is generalized.493

Definition 4.34. A relator over a functor F is a Barr relator, shown by F̄ , iff494

for a relation r : X Y , and a span pπ1 : A Ñ X,π2 : A Ñ Y q that r “ π2 ¨ πop
1495

we have:496

F̄ r “ Fπ2 ¨ pFπ1qop

Proposition 4.35. L̂ is a Barr relator.497

Proof. TODO: Finish.498

Definition 4.36 (One-sided Barr relator). Given a relation r, and take a499

span pπ1 : A Ñ X,π2 : A Ñ Y q that r “ π2 ¨ πop
1 . Assuming that ⊑ is a partial500

order over a functor F , then the relator over F and shown with ÝÑ
F is a one-sided501

Barr relator iff we have:502

ÝÑ
F r “ Fπ2¨ ⊒ ¨pFπ1qop
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Proposition 4.37. For every functor F : Set Ñ Set, the symmetrization of the503

one-sided Bar relator is equal with the Barr relator.504

Proof. Where there exist π1 : A Ñ X and π2 : A Ñ Y such that r “ π2 ¨ πop
1 , we505

assume that s
Ý̂Ñ
F r t, and we need to show that s Fπ2 ¨ pFπ1qop t. Considering506

that rop “ π1 ¨ πop
2 , we have:507

s
Ý̂Ñ
F r t

ðñ s
ÝÑ
F r t & s p

ÝÑ
F ropqop t

ðñ s Fπ2¨ ⊒ ¨pFπ1qop t & s pFπ1¨ ⊒ ¨pFπ2qopqop t

ðñ s Fπ2¨ ⊒ ¨pFπ1qop t & s Fπ2¨ ⊑ ¨pFπ1qop t

Since Fπ1 is a surjective function, then exists at least one w P FA such that508

pFπ1qoppsq “ w, and:509

w Fπ2¨ ⊒ t & w Fπ2¨ ⊑ t

And similarly, since Fπ2 is also a surjective function we have at least one v P FA510

such that pFπop
2 qptq “ v, and:511

w ⊒ v & w ⊑ v

ðñ pFπ1qoppsq ⊒ pFπop
2 qptq & pFπ1qoppsq ⊑ pFπop

2 qptq

ðñ pFπ1qoppsq “ pFπop
2 qptq

ðñ s Fπ2 ¨ pFπ1qop t

ðñ s F̄ r t

So we have Ý̂Ñ
F ď F̄ . Now, we are left to show that F̄ ď

Ý̂Ñ
F . For that, reading the512

given proof from the end to the starting point is sufficient.513

Lemma 4.38. The following propositions hold:514

1. Pπ2¨ Ě ¨pPπ1qop “ Ě ¨Pπ2 ¨ pPπ1qop515

2. Pπ1¨ Ě ¨pPπ2qop “ Ě ¨Pπ1 ¨ pPπ2qop516

Proof. Without loss of generality, we assume i, j P t1, 2u, and i ‰ j, and prove517

Pπj ¨ Ě ¨pPπiq
op “ Ě ¨Pπj ¨ pPπiq

op.518

Assuming x Pπj ¨ Ě ¨pPπiq
op y, then exist z and z1 such that519

z pPπiq x,

z Ď z1,

z1 pPπjq y.

Then from z Ď z1 we get Pπjpzq Ď y. So, we have z Ě ¨Pπj y, thus520

x Ě ¨Pπj ¨ pPπiq
op y.521

Now, assuming x Ě ¨Pπj ¨ pPπiq
op y, then there exist z and y1 such that522

z pPπiq x,
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z pPπjq y1,

y1 Ď y.

We take the set w “ z Y pPπipzq ˆ yq for which we have z Ď w and Pπjpwq “ y.
So, we have w pPπjq y, z Ď w, and z pPπiq x that gives x Pπj ¨ Ě ¨pPπiq

op y. [\

Proposition 4.39. Assuming that R is a relator over F : Set Ñ Set, and ⊑X523

and ⊑Y are posets over FX and FY respectively, then the relator that takes524

r : X Y to ⊑X ;Rr;⊑Y is a Barr relator.525

Proof. TODO: Finish.526
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